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INTRODUCTION

Hybrid systems (HS) are a class of systems
which incorporates discrete-continuous process,
such that the discrete dynamics and continuous
dynamics are intertwined with each other. They
arise in numerous important applications in CAD,
real-time computing, computer networks, safety
analysis, robotics and automation, flexible
manufacturing systems, transport systems, fault
tolerant control systems, mechatronics process
control, biological systems, fluid systems, etc., and
have recently been at the center of intense research
activity in the computer systems and networks,
control theory, computer-aided verification and
artificial intelligence communities. Thus, HS have
received increasing attention in the last few years,
due to the ubiquitous trend of employing digital
controllers in traditionally analogous environments,
for example, manufacturing systems. For various
applications and modeling of HS we refer to [1].

Discrete-continuous modelling and simulation
is concerned with the description, analysis and
performance evaluation of the dynamic behaviour
of HS [3, 6, 7]. This approach is a research area that
becomes more and more interesting and is due to
the fact that most systems of real world applications
are not purely discrete nor purely continuous and
often both parts influence each other.

In the past several years, methodologies have
been developed to model HS with stochastic
behavior, to analyse their dynamic properties and
asses their performance specifications [4, 5].

The generalized stochastic Petri nets (GSPN)
provide a convenient and concise formalism for
describing the discrete event dynamics of HS
(computer  systems, manufacturing  systems,
communication systems, biological systems, etc) [3,
7]. However, the underlying state space of GSPN
models tends to be extremely large in practical
modeling applications, often forcing us to seek
approximate solution methods [4]. An alternative
modeling paradigm for the purpose of analysis and
simulation of HS is based on stochastic fluid models
(SFM). The SFM paradigm allows the aggregation
of multiple events into a single event associated

with a “significant change” in the system dynamics.
This offers the possibility of integrating, in a natural
way, continuous and discrete dynamics in a single
model.

Among the most SFM popular formalisms that
are used for modelling of HS, there are the timed
hybrid Petri nets (THPN) [4], fluid stochastic Petri
nets (FSPN) [2, 6, 8] and hybrid stochastic Petri
nets (HSPN) [5]. In such models the some places
may hold a discrete number of tokens while others
contain a continuous quantity represented by real
quantities. However, for real HS visually modelling
and simulation, it is possible that some attributes of
these systems should take specific multiple different
values; that cannot be easily described in HSPN or
FSPN since their modelling will significantly
increase graphical complexity of the system model.
For example, in order to evaluate the performance
measures of some hybrid systems processes for a
specific simulation task considering thousands of
services with different values, a high number of
places, transitions and arcs will be needed in HSPN
model in order to be able to obtain desired load
value for each specified time interval. This brings a
considerable higher structural complexity of this
type model, so it is difficult to analyse such a
complex structure, for example the amount of states
introduces a complexity in global computing and
because of that we have a longer simulation time.
However, it should also to enhance this formalism
in order to be able to fully represent, more concise
and flexible describe HS systems with complex
discrete-continuous stochastic process.

In order to address such issues, we introduce the
model definition, behavior rules and the graphical
representation for a new kind of HSPN formalism
with matrix attributes, called bellow as HSMN,
similarly as they were used in [6] through
introducing database arcs with matrix weight, that
makes possible the use of real data in the simulation
process, assuring the validity of the obtained
results.. This extension allows the modeling of high
complexity systems without the danger of having a
very graphically complicated HSPN model that is
too difficult to represent and hard to understand. In
the same context, we consider some examples to



Hybrid stochastic Petri nets with matrix attributes for modelling of discrete-continuous process 35

graphically represent HSMN and them unfolding
with HSPN models that whose behaviours are
equivalents.

An important advantage of proposed approach
is the fact that HSPN model representation is very
concise and flexible, because majority of its
attributes are parameterized and can take various
marking-dependent values.

1. HSPN WITH MATRIX
ATTRIBUTES

1.1. Formal definition

Let the N, and |R are the sets of non-negative

natural and real numbers, respectively.

The definition of a HSPN with matrix attributes,
called HSMN, is derived from [3, 5, 6, 8] and it
inherits most of the features of GSPN, THPN and
FSPN. In a HSMN net the matrix attributes of
objects (arcs, place capacities, transition guard and
priority functions, transition firing rates, etc.) type z,
depending on current network state s, are defined by

a set of matrix 4°=[a/, (s)],., , 4°€ A. The value of

elements a;(s) are constants, variable or functions

of specified type, eventually they can be depending
on current network state s of a HSMN.
The dimension kxn and the localisation of

current element a7, (s) of matrix 4* is specified by a

discrete control place set P, — P, . For example, for

specification 4 and current computing of its
element it should be a control place p, set

Py ={p,,p,}- So, the current number of tokens
i=m =M(p,) and j=m,=M(p,)of control
places p, and p, respectively shows the element’s
position in the 4> matrix, and its values needs to be

imported and taken in consideration when executing
and analysing the model. Moreover, the capacity of

control place p, € P,and place p, e P, should be
specified to KP(p,)=k and KP(p,)=n,
respectively.

Formally, a HSMN is specified as a 14-tuple
HI'= < P, T, Pre, Post, Test, Inh, Ky, Ky, G, Pri,
Mo, A, W, V >, where:

¢ P is the finite set of places consisting of a set
of discrete places Pp and a set of continuous places
Pc, P=PbUPc, Pbo nPc=@. A discrete place
p, is drawn with a single circle and can contain a

number of tokens,m, = M (p; ) € IN, , non-negative

integer values. A continuous place (buffer) b, is
drawn with two concentric circles and can contain a
real number of fluid x, = x(b, ) € IR. The mark-
ing (the state) s=(M, x) of the HT is given by pair
of vector-columns, M and x, describing the
contents value of each type place, (M, x)
€S =INPIx IR, respectively. We call S the

“potential state space”, as opposed to the “actual
state space” S S, the set of marking actually
reachable during the evolution of the HI'. The
current marking s=(M, x)e Sevolve in time,
which we indicate by 7, so, formally, it is a
stochastic process {(M(7 ), x(7), 7>0).

e T is a finite set of transitions, TP =, that
is partitioned into a set Tp of discrete timed
transitions and a set Tc of continuous timed transi-
tiOﬂS, that T =Tp UTc , To NnTc = g. A
continuous timed transition u, eT. is drawn as an
empty rectangle. The set of discrete transitions Tp
is partitioned intoT, =T, UT, T,NT, =2 so that:
T, is a set of timed discrete transitions and To is a
set of immediate discrete transitions.

e Pre, Test and Inh:PxTxSxIN." —Bag(P)
respectively are a backward flow, test and inhibition
functions incidence mappings. Bag(P) is a discrete
or continuous multiset over P. The forward flow
function incidence mappings in the multisets of P is
aPost:T x PxSxIN." — Bag(P) describe the set

of arcs A with the marking-dependent cardinality,
connecting transitions with places and vice-versa.

o K, Py xINPl - IN, U{o} describe the ca-
pacity bound K on each discrete placep, eP,,

0<K"<M(p;) < K™ <+0, which can contain

an integer number of tokens, respectively. By
default, the K;?‘” =0 and K e is set to infinity.

IPal

e The K,:P.xIR®IxIN,* —IR describe the
fluid bound on each continuous place b, _eP., such

max

that —oo < x™ < x(b,) < X < 400, where the x""

describe the lower fluid bound and x™ upper

bounds of of b, . By default the ¥ x,™ is set to
infinity, and it no effect. An implicit lower bound
of continuous place is 0.

e G:TxSxIN," —{True, False} describe the

marking-dependent guard function of each transi-
tion. For t; eT a guard function g,(s) will be
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evaluated in each marking s, and if it is true (the
default value is true), the transition may be enabled,
denoted t; e T(s), otherwise t; is disabled.

o Pri:TxSxIN." >IN, defines the dynamic

priority function for the firing of each transition.
The firing of a transition with higher priority
potentially disables all the transitions with the lower
priority. By default, the Pri(To)>Pri(T, ).

Figure 1 summarizes the representation of all
the HT" graphical primitives.

Discrete primitives
Timed Normal arc
O Place transition
"o Tokens {mweﬁi?e Test arc R
ransitio Inhibitor arc
—_—0
Continuous primitives
Timed Fluid arc
O Place I] transition —
Inhibitor arc
g i -
== Fluid Test arc
Setting arc

Figure 1. All the graphical primitive of theHT .

e The current marking (state) s=(M, x)e S value
of a HI net depends on the kind of place. The

m, = M (p, ) describes the number of tokens in
discrete place p, , and it is represented by black dots.

The x, = x(b, ) describes the fluid level in continu-

ous place b, and it is a real number, also allowed to

take negative real value. The initial marking of net
is so = (Mo, x0). Graphically, the initial marking is
represented by writing the value of m’, or x/, inside

the corresponding place. If the numberm/ is small it
is common to drawn m? tokens inside the place p,,
represented by dots. A missing value indicates zero.

« A timed discrete transition te T_is drawn as a

black rectangle and has an exponentially
distributed firing time which marking - dependent

firing rate A : T x § x IN"" = IR..
« W:T xBag(P)xIN" IR, is the weight
function of immediate discrete transitions t, eT,,

and this type of transition is drawn with a black
thin bar and has a zero firing time.

eV :iT.xSxIN"' > IRis  the  marking
dependent fluid rate function of timed continuous
transitionsT_. These rates appear as labels next to

the continuous timed transitions. If u; eT is

enabled in tangible marking M it fires with rate
V;j(M), that continuously change the fluid level of
continuous place Pc. [

Figure 2 summarizes the all possible ways
placing of arcs in a HI" net for discrete transition
and continuous transition with the discrete places
and continuous places, respectively.

Given a transition t,eT, we denote by'tj and

t] the directed preset places and postset places and

by °t, and 't; the inhibition set places and test set
places connected respectively with transition t;.

1 = . discrete
(2.4) continuous set arc inhibitor arc
\24)

2 P1

[%]

@

[=3

o P> continuous
8 P @ b«—__inhibitor arc
3 b

° p3® discrete test arc b3 ]

b, continuous test arc
gt; (M? ‘x)

continuous place guard function of t1

discrete place p
p‘, discrete discrete
inhibitor arc testarc
U;
b . b

=, flow arc <T|r' =
@ S :6&
~ )
o continuous place

b,

continuous

continuous contir
; inhibitor arc

test arc

£u,(M, X) - guard function of us

Figure 2. All kinds of arcs and their possible
ways for placing in aHT .

1.2. The HSMN dynamics

The dynamics of the HSMN combines both
time-driven and event-driven dynamics. We define
macro-events the events that occur when [3]:

The evolutions of HSMN in current marking
s =(M, x) are determined by the following rules:

1. Localization of the elements a’,(s) e A° for
i=M(p,) and j=M(p,). p,,p, €Px oftype Z;
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2. Computing the current value of a’ (s),

obtaining the respective constant values. If
i=M(p,)=0andor j=M(p,)=0 then the
cardinality value of a respective attribute type zis
given by default;

3. For theses values obtain the enabling set of
transitions T(s) =T, (s) UT.(s) T (S) N T (5) =9 ;

4. Firing of selected transition teT(s)and
change the current state: st >s’.

Enabling and Firing rules. As already described
[??], two types firing of enabled transition, called
discrete firing and continuous firing, govern the
state evolution of the net.

Let T (s) be the set of enabled transitions in
current state s=(M, x)e S .

We say that a discrete transition t; e T, (s) is

enabled in current state s if the following logic
(Boolean) expression (enabling condition ec (t;) of
t; is verified:
ecy(t))=(_A (m =Pre(p,t;)) &
vpie't;
(Vp/\“t-(mk < Inh(p,,t;)) &
(A (m >Test(p,t)&

vple tj

Vph et

( A ((K,—m,)>Post(p,,t;) & (vb_/;.t_(xi > Pre
(b.t;)) & (ka/;"tj(xk < Inh(bk’tj))&
(Vb/\*t_ (X, = Test(b,,t;)) &

(A ((Ky=X%,)>Post(x,,t;)) & g;(9).

Vb, et}

The transition t; eT,(s)may fire if no other
transition t_eT,(s) with higher priority is enabled,
and yielding:

M'=M +C(,t,), there

C(p,t;) = Post(p,t;)-Pre(p,t;), VpeP,.

The stochastic evolution of the HSMN in
tangible marking is governed by a race [2, 3]: the
timed discrete transition t with the shortest firing
time is the one chosen to fire next. If an imme-
diate discrete transition is enabled in current
marking s, it is vanishing. Otherwise, the marking is
tangible and any timed discrete transition is enabled
in it [3, 5]. If several enabled immediate transitions
t;,t, €T, (s) are scheduled to fire at the same time

in vanishing marking s, the transitions tx, with the
respective weights wy , fire with probability:

a(te, s) = w(t,, s)/ D w(t;,s).

tjeTo (M)

Also, we say that a continuous transition
u; eT.(s)is enabled and continuously fires in

current marking s if the following logic expression
(the enabling conditionec, (u;) ) is verified:

eccU)=( A (%>0& (A (m, <
vheu; Vpceuj
Inh(p,,u;)) & (vp/e\u (m, > Test(p,,u;)) &
(Vb/e\u_(xk <Inh(b,u;)) & g;(s) &
(Vb/\ (X, = Test(b,u;)) &

(VbHAEU}((Kbn = X,) 2V, - Post(x,,u;)) :

and no other transitions with higher priority are
enabled in current state.

If the state s is tangible, fluid flow could
continuously through the flow arcs of enabled
continuous transitions into or out of continuous
places. As a consequence, if transition t; is enabled
in current state it enabling degree, for every be‘u
and x(b)>0, is:

Enab(u, s )=min_. {x(b)/Pre(u, b)}.

Given two time instantsz and 7', the evolution
of the fluid level in buffer b, e P, is given as:

x(b,,7) = x(b,,7") + $(b;,u, 7, 7"), there
(b, u,7,7") = Zuje,bi Post(b;, u;) - J';qu (0)d6 -
> -Pre.uy)- [, ()00,

and v, denote the firing speeds of u; and U, at time

0 respectively.

Upon firing, the discrete (continuous) transiti-
on removes a specified number (quantity) of tokens
(fluid) for each discrete (fluid) input place, and
deposits a specified number (quantity) of tokens
(fluid) for each discrete (fluid) output place. The
levels of fluid places can change the
enabling/disabling of transitions.

2. HSMN EXAMPLES

In the following, we illustrate the power and
flexibility representation of proposed HSMN
formalism with a few examples.

We allow the firing rates and the enabling
functions of the timed discrete transitions, the
enabling functions and firing speeds of the timed
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continuous transitions, and arc cardinalities to be
dependent on the current states of the HT.
Graphically, a matrix attribute of HSMN will be
presented in a way that it will contain the matrix
name in square brackets. So, for example, a direct

arc matrix cardinality [2, 3, 5], denoted by £,
can take values that are contained in a specified
matrix A. To well understand the meaning of this
model type, an example of HSMNL1 is presented in
figure 3 with the following initial state
Sy = (M, X,) with:
Mo =(2,3,0,1 4)=(2 p13p2 p44p5):
X, = (17.4,3.25,4.18) = (17.4b,, 3.25b,, 4.18h,) .
The mean matrix cardinality values of a discrete
arc(t, p,), setting continuous arcs {(b,t,),
(t,,b,)} and fluid arc (u,b,) in  HSMNI,
controlled by P* ={p,, p,}, are given by following
specified matrices:

3 2m +m, 1 1+m,
Al=|m, 7 m,+2m;, 3+m, |,
1 4 8 m, +4m,
3.0 2x, 3.65 0.85+ X,
A2=A3=|1.75 235 3.25+X, 3.27 |,
1.25 1.40 X, 2.15+m,
025 X, 3.65 0.85
A4=|0.75 2.35 0.32+X, 3.27 |,
1.25 1.40 X, 2.15+ X,

where m, = M (p;), 1=1,2,3,4,5 is the number of
tokens in discrete place p, in current state, and
X, =X(b,), k=1,2,3 is the quantity of a fluid
level in bufferb, .

Control place p, has the specified capacity
KP(p,)=k=3, but the capacity of place p, is
KP(p,)=n=4.

For HSMNL in figure 3a the selected af,

element position in matrix A? the value must to be
imported, is realized by information about the
current token number contained in control place set

{p,, p,}. that specify the index row i=m, and
index columnj=m,. So, for i=m}=2 and
j=mJ =3 we obtain: the cardinality value of arc
(t, py) is equal to a,,=m, +2m, =10, of arcs

(b, t)and (t,b,) its are equal to aZ,= aj,=

3.25+x, =7.43,
(u, b,)it is equal to a;,=032+x,=45. For

these corresponding current values of arc cardinality
the enabled set of transitions isT (S,) ={t,, u, }.

respectively, but for arc

|- FESAEN ] with initial marking- - — - — - — - — - -

_____________________________________________

| pd o b2 b1

Figure 3. A HSMN1with matrix arc
cardinality: a) initial state; b) final state.

Let the firing speed of continuous transition u,
is v,=1 and firing rate of timed transition t is
A, =0.25, that it mean firing delay is z,, = 4t.u.

Because the cardinality of Inh(b,, u,)=15.50,
then the transition u, continuously fire only during
z, =(1550-x,)/a;,=272 <z, =4tu., so it
is disabled and the fluid level
b, become: x; = x, —(2.5-7, +a;,) =23.17.

Figure 3b presents the state of HSMN1 network
after t, fires, from where we can observe that
place p, has a number of tokens equal to 9, because

x, of buffer

the element a; , =m, +4m, =8 was selected. As
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a result the firing of t;, we yield the new state
s'=(M’, x) with:
M= M, +a§,3 = (10p3,9p5),
X, =X, +as,-7, =15.50,X; = X, +a;, =11.61.
In a similar way all HSMN nets attributes can be
parameterized using matrix cardinality, for exam-

ple, see the following attributes [3]:
e Guard function of transitions G%,

G =[975(. Zeft,u};
o Place capacity K?=[k’(s)],,, 22 €{p.,b};
e Firing rate R®=[r(s)],., 23e{4,w,0};

e Priority firing of transitions T
T = [1(8)]ion» 24=PT;

The most important benefit we get from using
HSMN when describing and verifying discrete-
continuous processes of hybrid systems is that the
structure of these models’ is very concise and is
very flexible when modifying it parameters in real
time, because most of its attributes are
parameterized. This permits assigning in a current
state controlled mode, alternative values of HSMN
attributes. Also, using proposed approach matrix
attributes, real time data can be easily imported in
simulating model, and in this way we can ensure
results correctness.

Moreover, the modelling the same system
through the other kind of Petri net, for example
GSPN or THPN, to drive the structure of this
models it is necessity for each matrix attribute to
use additional 2k xn arcs and kxn additional
transitions (respective places), and this means that
the model’s complexity grows significantly. To
illustrate the usage advantages of described
approach, we present a simple example of HSMN2
shown in figure 4a, that a matrix cardinality of
directarc (t;, p,) is parameterized by matrix A:

S+my 3 2
A= .
4 24+m, 1+2m,

In this model control places are P** ={p,, p,}
with KP(p,)=2 and KP(p,)=3respectively.
Selection of respective row i=m, and column
j=m, of element a® (M), i=12 j=123
from matrix A is donev in a dynamic way by current
marking of places p,and p,, respectively.

The unfolding of the model HSMN2 trough
GSPN2 attributes approach, that whose behaviours
are equivalents, is shown in figure 4b.

In order to show it in such mode, we need to
substitute in HSMN2 attributes as bellow:

1) The transition t, is substitute by kxn=6
transitions t;,. I=1..., kxn, that whose guard func-

tions are respectively:
gS,l(M )= (mz =2)& (ms =3),

gs,z(M):(mz 22)&(m3 22)’
95,3(M)= (mz = 2)&(m3 :1)’
g5,4(M) = (mz :1)&(m3 = 2)1
95,5(M) = (mz 21)&(m3 =3),
gs,e(M) =(m2 21)&(m3 =1);

pl p2 p3

p4

@[ I—O—
t6 mé :pG
a)

Pl t1 AZ t2

&1

Figure 4. Behavioural equivalent Petri net: a)
model HSMN2 and b) model GSPN2.

2) The direct matrix arc (t,, p;) with matrix

cardinality A is substitute by kxn direct arcs
(ts,, pPs), 1=1..,6 with weight’s value from

respective A matrix’s elements;
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3) To connect place p, with each introduced
transition t; , through arcs (p;, t;,), 1=1...,6;

4) Place p, (respectively p,) is connected with
each introduced transition t;, through test arcs

(p,.ts,) (respectively (p,,ts,)).

In addition, it is to mention, that the real hybrid
system is modelled by a HSMN approach, were
contain multiple matrix attributes A” with different
sizes, the behavioural equivalents resulting HSPN
model is still too complex to be of practical use for
conveying the system behaviour visually. For
example, the equivalents resulting HSPN1 model of
HSMNL1 shown in figure 3, may contain potentially
at least 3N, graphical elements (transitions, places

and arcs), there:
N, = (3 (k;-n;) =3°-4* = 20736,

Proposed framework is generic and can be
applied to a numerous system types with discrete-
continuous process. Additionally, with minor
changes and additions, described approach can be
generalised for studying domains with similar
characteristics. Presented analysis shows that
HSMN, which were defined and studied in this
paper, can be used as a much promising instrument
for modelling and evaluating of hybrid system
performance indicators.

This work is supported by National Institutional
Applied  Reserche  Project under grants
15.817.02.28A, Republic of Moldova.

3. CONCLUSIONS

In this paper, a new framework HSMN was
introduced, as a derivative of GSPN and HSPN.
Modelling and performance evaluation of stochastic
discrete-continuous process is illustrated.

The HSMN approach is very efficient for
representing, modelling, verifying and analysing of
hybrid system performance, because HSMN use has
the following advantages: 1) there are additional
visualisation features for modelling and simulating
procedures, that permits to create a string
environment for validation and evaluation; 2) it is
possible to visualise in the same model attribute’s
dynamic change; 3) the real data can be easily
imported in simulation process, assuring correctness
and validity of obtained results.

The applicability of this approach is illustrated
through a few examples of HSMN models with
different matrix attributes. Moreover, this approach
with rather few modifications and additions may be

further generalized to study a reconfigurable hybrid
system from areas with similar enhanced
characteristics.

We aim to elaborate and develop a software
product for visual simulation and analysis of HSMN
models that describe the evolution of hybrid
systems with discrete-continuous process.
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