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Abstract. The objective of this work is to elucidate the mathematical foundations for optimizing the 

configuration of district heating system networks. Existing and most effective approaches to optimizing 

thermal networks based on minimizing heat losses were analysed, and principles and corresponding 

mathematical tools were proposed to account for objective technical constraints imposed on these dis-

trict heating networks by regulatory requirements, both at the technological and urban planning levels. 

The goal is achieved by solving the problems of modeling the coordinates of nodes and the lengths of 

sections of thermal networks using instrumental means to determine the most rational positions of the 

branching nodes in terms of their coordinates to identify economically viable directions for laying each 

fragment of the corresponding networks. To make the proposed approach to optimizing thermal net-

works practical, additional mathematical tools must be introduced to account for specific urban planning 

conditions and constraints imposed on heating systems, which must be considered in the design process. 

The most important results are the obtained mathematical model of the district heating network, which 

allows for considering the actual technical conditions for connection to the networks and urban planning 

conditions and constraints. The significance of the results obtained is that the application of the devel-

oped algorithm allows not only to reduce the total heat losses during the transportation of the heat carrier 

from heat sources to consumers but also, as a consequence, to increase the energy efficiency level of the 

entire heating system, reduce primary energy costs, and greenhouse gas emissions. 
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planning conditions and constraints. 
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Rezumat. Obiectivul acestei lucrări este de a elucida fundamentele matematice pentru optimizarea configurației 
rețelelor sistemelor de termoficare. Au fost analizate abordările existente și cele mai eficiente de optimizare a 
rețelelor termice bazate pe minimizarea pierderilor de căldură și au fost propuse principii și instrumente 
matematice corespunzătoare care să țină seama de constrângerile tehnice obiective impuse acestor rețele de 
termoficare de cerințele de reglementare, atât la nivel tehnologic, cât și la nivel de urbanism. Scopul este atins prin 

rezolvarea problemelor de modelare a coordonatelor nodurilor și a lungimilor secțiunilor rețelelor termice folosind 
mijloace instrumentale pentru a determina pozițiile cele mai raționale ale nodurilor de ramificare în ceea ce privește 

coordonatele acestora, pentru a identifica direcțiile viabile din punct de vedere economic pentru așezarea fiecărui 
fragment de rețelele corespunzătoare. Pentru ca abordarea propusă pentru optimizarea rețelelor termice să fie 
practică, trebuie introduse instrumente matematice suplimentare care să țină seama de condițiile specifice de 
urbanism și de constrângerile impuse sistemelor de încălzire, care trebuie luate în considerare în procesul de 
proiectare. Cele mai importante rezultate sunt modelul matematic obținut al rețelei de termoficare, care permite 
luarea în considerare a condițiilor tehnice reale de conectare la rețele și a condițiilor și constrângerilor de urbanism. 
Semnificația rezultatelor obținute este că aplicarea algoritmului dezvoltat permite nu numai reducerea pierderilor 

totale de căldură în timpul transportului vehiculului de căldură de la sursele de căldură la consumatori, ci și, în 
consecință, creșterea nivelului de eficiență energetică a întregul sistem de încălzire, reduce costurile cu energia 

primară și emisiile de gaze cu efect de seră. 
Cuvinte-cheie: optimizarea configurației rețelei, rețelele de termoficare, minimizarea pierderilor de căldură, 
condițiile și constrângerile de urbanism. 
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Киев, Украина 

Аннотация. Целью работы является освещение математических основ оптимизации конфигурации сетей 
систем централизованного теплоснабжения. В качестве целевой функции процесса оптимизации 
предложено принимать суммарные теплопотери, происходящие на всей протяженности исследуемого 
участка теплотрассы от источника теплоснабжения и до каждого из потребителей. Были 
проанализированы существующие и наиболее эффективные подходы к оптимизации тепловых сетей на 
основе минимизации теплопотерь, а также предложены принципы и соответствующие математические 
инструменты учета объективных технических ограничений, налагаемых на эти централизованные сети 
теплоснабжения нормативными требованиями, как на технологическом, так и градостроительном уровнях. 
Поставленная цель достигается за счет решения задач моделирования координат узлов и длин участков 
тепловых сетей с применением инструментальных средств для определения наиболее рациональных 
положений узлов их разветвления в части их координат с целью идентификации целесообразных с 
экономической точки зрения направлений прокладки каждого из фрагментов соответствующих сетей. Для 
того чтобы предложенный подход к оптимизации теплосетей было удобно применять на практике, следует 
вводить дополнительные математические инструменты, которые делают возможным учет специфических 
градостроительных условий и ограничений, налагаемых на системы теплоснабжения и должны быть 
обязательно учтены в процессе проектирования. Наиболее важными результатами являются полученная 
математическая модель сети централизованного теплоснабжения, которая позволяет учитывать 
фактические технические условия присоединения к сетям и градостроительные условия и ограничения. 
Значимость полученных результатов состоит в том, что применение разработанного алгоритма позволяет 
не только уменьшить суммарные теплопотери при транспортировке теплоносителя от источников теплоты 
к потребителям, но и, как следствие, повысить уровень энергоэффективности всей системы 
теплоснабжения, уменьшить расходы первичной энергии и выбросы парниковых газов. 
Ключевые слова: оптимизация конфигурации сети, сети теплоснабжения, минимизация теплопотерь, 
градостроительные условия и ограничения. 

 

INTRODUCTION  

Currently, district heating systems are 

operating and actively maintained in most cities 

in our country, as well as in other developed 
countries around the world.  

Unfortunately, the equipment and networks of 

engineering systems are largely outdated, and 

some fragments require ongoing maintenance, 

major repairs, re-equipment, or even complete 

replacement, depending on which of these 

measures is economically more justified. 

Generally, restoring the initial (or sufficient for 

effective functioning) performance of engineering 

systems requires significant resources and labor 

efforts from the employees of the housing and 

communal services and construction and 

installation organizations that maintain them. 

Consequently, the more well-thought-out, 

compact, efficient, and resilient the heating 

networks are, the less likely they are to fail 

prematurely and the lower the maintenance costs 

related to the physical wear and tear of individual 

sections, equipment, and the system as a whole. 

All this underscores the necessity of a detailed 

assessment of the cost and efficiency of each stage 
of the life cycle of heating systems, namely: 

1) Design; 

2) Construction; 

3) Operation; 

4) Dismantling, re-equipment, or 

modernization/upgrade; 

5) Disposal or reuse of building materials, 

products, and equipment. 

A comprehensive assessment of each stage of 

the life cycle of heating systems leads to an 

improvement in their economic, environmental, 

and social performance, which fully aligns with 

the principles of sustainable development and 

allows for achieving its main goals. In practice, 

this requires always prioritizing the optimization 

of all technical solutions based on the percentage 

distribution of their implementation costs at each 
stage. 

The fact is that some technically more rational 

solutions for one stage, for example, the 

construction stage, may prove to be completely 

inappropriate and even destructive for the 

operation stage in the long run. Therefore, the 

highest priority should be given to optimizing 

those solutions and at those stages that are the 

most costly concerning the percentage 

distribution throughout the entire life cycle. 
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It is evident that the optimization of all 

solutions should be carried out during the design 

stage, as any changes in design decisions are least 

expensive at this stage. Considering this fact and 

analyzing the cost volumes at different stages of 

the life cycle of heating systems, it becomes 

apparent that the most attention should be paid to 

optimizing those technical solutions that may 

reveal their shortcomings and significantly impact 

the operation period of the respective systems. 

Overall, optimizing the routing plan of the 

pipeline system can reduce the cost of 

construction materials and installation work. 

However, the indicators of heat energy losses in 

the pipelines of the heating system during 

operation are equally important. The magnitude 

of these losses significantly depends on the 

temperature of the heat carrier, the method of 

pipeline installation, their diameters (or other 

parameters of the cross-sectional shape), and the 

configuration of the respective sections of the 

system, which affects the overall length of the 
pipelines. 

It is evident that the coordinates of the thermal 

network nodes are one of the key factors 

determining the overall economic justification 

and sustainability of the heating system. 

However, its level of energy efficiency should 

also be formed considering the specific heat loss 

indicators. Specific heat losses largely depend on 

the installation method, which in turn depends on 

urban planning conditions and constraints 

imposed on the thermal networks. 

Therefore, it is relevant to conduct research on 

the factors that should shape the general 

principles of optimization and impose constraints 

on the design decisions of heating systems, as 

well as to determine the mathematical foundations 

for modeling the configuration of this system, 
considering these factors. 

 

METHODS, RESULTS, AND DISCUSSION 

As noted in the authors' previous works, the 

design process of energy-efficient heating 

systems (as well as the design process of any 

buildings and structures) should involve a 

significant reduction or minimization of the costs 

of construction materials needed for their 

construction, the expenses for further operation, 

as well as the heat losses of all pipeline sections, 

considering the method of their installation and 

the physical properties of the primary and 

insulating construction materials. Solving this 

task requires the application of the instrumental 

base of classical optimization methods, which 

allows selecting the best option from all possible 

construction designs. In general, heat loss 

minimization in heating systems can be achieved 
in two ways (or their combination): 

1) At the stage of comprehensive system 

planning by applying and optimally combining 

systems of different temperature levels for the 

respective consumers to achieve high exergy 
efficiency of the heating system as a whole. 

2) At the generation stage by using the most 

modern heat-generating equipment and 

engineering equipment (including boilers, 

alternative energy sources, automation, and 

control systems) and implementing measures 

aimed at improving the efficiency of this 

equipment and the system as a whole (including 

the use of specialized software and fuel 
composition optimization). 

3) At the transportation stage by optimizing 

the configuration of the pipeline layout (supply 

and return) and enhancing their thermal insulation 
properties. 

The first and second of the aforementioned 

approaches require the implementation of 

innovative energy generation technologies and 

deep utilization of thermal energy at all stages of 

its production.  

The second approach can be realized by using 

mathematical optimization tools for the 

configuration of the interconnected pipeline 

system as a discrete model, the parameters of 
which depend on linear heat losses. 

It is worth noting that the use of optimization 

tools is most appropriate at the stage of creating 

design documentation, as this stage is the least 

costly and can help prevent a number of future 

problems related to operational costs and physical 

energy losses at all subsequent stages of the 

heating system's life cycle. 

Overall, optimizing specific objective 

functions and applying them to system models 

(particularly in orthogonal coordinates) is a 

common method for solving engineering 

problems and is highlighted in a number of 

modern studies by authors such as Li, Dorfner, 

Mertz, Blommaert, Hirsch, Pompei, and 
Sarbu [1 – 7]. 

In a closely related study, researchers Lambert 

and Spliethoff [8] presented a method for finding 

the optimal topology of the thermal network, pipe 

sizes, and operational parameters of the district 

heating system, considering a single design point, 

and provided a methodology for applying this 

method to an existing fragment of a thermal 
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network serving 400 consumers. It should be 

noted that this study, in addition to heat losses, 

addresses the equally significant issue of pressure 

losses in thermal networks, which directly affects 
the operation of network pumps. 

A similar approach, but for low-temperature 

district heating systems, is discussed by 

Buonomano in [9]. The focus is on a 

thermodynamic model for designing 5th 

generation district heating and cooling systems, 

which are actively being developed and studied 

by researchers such as Qin, Buffa, Wirtz, Gong, 
and Calise [10 – 14]. 

Any optimization process implies the 

existence of a certain objective function, the 

extreme values of which will be found through 

geometric or numerical modeling, including 

considering the imposed conditions and 

constraints, which are also represented as 

mathematically formulated functions. In the case 

of optimizing the configuration of thermal 

networks, particularly the coordinates of nodes, it 

is advisable to take the total value of all heat 

losses occurring along the entire length of the heat 

pipelines as the objective function. 

When determining the heat flow through 

insulated pipelines, additional heat losses through 

flange connections must be considered by 

increasing the nominal length of these pipelines, 

as emphasized in the works of He and Lebedev 

[15, 16]. It is also necessary to take into account 

the increase in heat losses in the form of increased 

heat flow through pipe hangers and supports. This 

heat flow is also accounted for by increasing the 
nominal length of the heating networks. 

The total heat flow 𝑄Σ, in watts, through 

insulated pipelines of the district heating system 

can be determined by the formula: 

 

)(  ADDSUPlNOMl LLKqLqQ  (1) 

 

where ql is the linear heat flux, W/m; L and LNOM 

are the calculated and nominal lengths of the 

pipeline, m; LADD (additional) is the additional 

length of the insulated pipeline, equivalent in 

terms of heat flow to the fittings and flange 

connections installed on the pipeline, m; KSUP 

(support) is a coefficient accounting for increased 

heat losses through supports and hangers. 

The process of minimizing heat losses should 

involve minimizing the total heat flux across all 

sections of the district heating system: 
 

 
min

1






r

g

gQQ  (2) 

 

If we write the expression to find the heat flux 

of an elementary straight section of pipeline 

between the і -th and j -th nodes according to 
Formula (1):
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where i,j and NOM i,j are the calculated and 

nominal lengths of the straight section of pipeline 

between the і -th and j -th nodes.  

In this case, the condition must be satisfied: 

  
r
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(4) 

Using equation (3), the heat flux across all r 

sections of the district heating system can be 

written as the sought objective function (x, y), 
identical to the total heat flux (2):
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In order for the necessary condition of 

existence of an extremum of the local function 

(x, y) to hold for each і-th node, the first 

derivatives with respect to the variation 

parameters (i.e., coordinates xi and yi) must equal 

zero. This means that the node coordinates will 

take values at which the objective function is 

minimized, namely: 
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Substituting function (5) into system (6) and 

performing a series of simplifications related to 

known rules for obtaining first derivatives of the 

length function, we obtain the following 

equations: 
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To simplify the process of solving a system of 

equations like (7) through cyclic iterative 

computation, it is recommended to introduce the 

following temporary relationship at each cycle, 

the value of which should be updated in each 

subsequent iteration cycle: 
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Then, the system (7) will acquire at each 

iteration stage the following simplified form: 
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   Formulating a system of equations like (9) 

for each і -th free node (branching point) of the 

model and solving the resulting system of k 

equations for the coordinates of these free nodes, 

we obtain a system configuration that ensures all 

local heat losses assume extremal values, namely, 

the minimum. 

   Another related method for determining the 

optimal configuration of the pipeline network 

from a financial and economic standpoint was 

demonstrated in the works of Abid, Sawa [17, 18]. 

It was proposed to determine the optimal 

coordinates of nodes and lengths of sections in the 

studied engineering system based on a predefined 

distribution function of average construction and 

operation cost metrics of corresponding systems 

in potential development areas. The equations 

defining the coordinates of all branching or 

direction-changing nodes in engineering systems 

had the following form: 

 

 























.0)(

,0)(

1

,

1

,

1

,

1

,

n

j

jji

n

j

jii

n

j

jji

n

j

jii

ykky

xkkx

 (10) 

 

Here: xi and yi (i = 2, 3, … N) are the 

coordinates of the free nodes in the network; ki,j 

are coefficients reflecting the specific cost 

indicators of construction and operation of 

individual links in their respective installation 

sections, and are determined by the formula: 
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According to [17], the function f(x,y) can be 

constructed either through interpolation (by 

solving a system of interpolation equations, 

followed by determining exact coefficients 

ensuring the final function graph passes through 

specified support points on the plane of studied 

parameters) or approximation (by directly 

constructing an approximate function with some 

error using radial basis functions studied by Iske, 

Ball, and Baxter [19 – 21]). The second option is 

much simpler in terms of computational effort and 

allows for reasonably predictable results. In 

particular, the corresponding approximative 

function appeared as follows: 
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where z0(x, y) is the function defining the original 

surface of specific cost distribution for 

construction and operation on the studied land 

plot; x0,k, y0,k, z0,k are the centers of gravity 

coordinates of the k-th defined section with 

different costs; k=1,…,P, where P is the number 

of defined sections with varying costs; x, y are 

coordinates of an arbitrary point within the 

specified value range; ε is the smoothness 

coefficient of approximation between support 

points of the function f(x, y); h is the degree of the 

multiquadratic base function, with a 

recommended value, as used in works [19 – 21], 

being k=20. 

It should be noted that neither solving systems 

of equations like (9) nor systems like (10) directly 

or indirectly take into account existing urban 

planning conditions and constraints, making them 

imperfect and requiring further research. 

However, considering that the results obtained 

from solving systems of equations like (9) are 

more grounded from a physical standpoint, 
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whereas modeling based on system (10) has a 

more abstract financial-economic nature, this 

study will rely on the principles of optimizing the 

configuration of the pipeline network model of 

the district heating system by minimizing heat 

losses. 

The aim of the article was to analyze existing 

and most effective approaches to optimizing heat 

networks based on minimizing heat losses, as well 

as to propose principles and corresponding 

mathematical tools for accounting objective 

technical constraints imposed on these networks 

by regulatory requirements at both technological 

and urban planning levels. 

 

THE MAIN PART 

It is evident that the approach proposed in [1] 

and the optimization of the heating system based 

on the equations system (9) are quite idealistic and 

do not take into account a number of urban 

planning conditions and constraints that engineers 

and designers face in practice. Among these 

constraints are land plot boundaries, presence of 

water bodies, cliffs, mountains, and other 

topographic features of the terrain, as well as the 

presence of roads and other transportation 

networks, underground and aboveground 

engineering networks, temporary and protective 

structures of various purposes. This may lead to 

the necessity of placing individual free nodes of 

the heating system model only in strictly defined 

locations and zones, or conversely, the 

impossibility of placing them in the 

corresponding locations. Such constraints also 

affect the topological features of the model, 

particularly the connectivity order, the number of 

free nodes, and consequently, the impossibility of 

removing them from the topological scheme after 

optimizing the system as a whole. 

The solution to this problem could involve 

adopting a broader approach, which entails 

seeking conditional extrema of objective 

functions while imposing functional constraints 

on individual nodes of the model. However, even 

this may not provide a comprehensive solution to 

the issue due to the objective and subjective 

perspectives of regulatory authorities, employees 

of utility organizations, construction and 

installation companies (which may question the 

reliability of non-trivial engineering solutions), 

specialists from engineering equipment 

manufacturing companies, as well as architects 

and designers who must ensure the improvement 

of land plots and the structural reliability of future 

construction, minimizing the likelihood of 

emergencies on heat supply networks, which in 

turn could lead to soil saturation around nearby 

buildings and damage to them. 

Therefore, it is advisable to explore the 

possibility of expanding the toolkit for optimizing 

the heating system model, incorporating means to 

make additional adjustments to the established 

model while maintaining minimal heat loss. This 

would allow for local adjustments to the 

positioning of individual free nodes (or a series of 

free nodes) by redistributing specific heat loss 

values and other parameters of straight-line 

sections of the heating networks. 

A simple example of considering urban 

planning conditions and constraints in laying out 

heating networks could involve the necessity of 

placing branching nodes of these networks under 

or along transport viaducts, particularly 

highways. From a mathematical standpoint, this 

would require introducing additional functions 

that describe the trajectory of transport routes, 

ensuring that predefined nodes of the heating 

network model align with the schedules of 

corresponding functions. 

Let's consider an example of geometric 

modeling of a fragment of a centralized heating 

network with imposed functional conditions on 

the placement of free nodes. Suppose that from 

one heat distribution station, heat carrier is 

supplied to ten buildings that are heat energy 

consumers (see the initially adopted project 

decision on the branching scheme of the network 

in Figure 1). The topological diagram of the 

adopted heating system model will include 11 

base nodes and 7 free nodes. In this example, for 

further comparison with the results of considering 

urban planning conditions, we will limit ourselves 

to illustrating the initial and resulting forms of the 

models before and after shaping (optimization) 

without imposing functional conditions, as well as 

economic efficiency indicators from the 

application of this approach. Thus, by formulating 

a system of optimization equations like (7) to 

determine the positions of branching nodes in the 

pipeline network of the heating system, we obtain 

equations (13-26). 
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 - straight sections of heat pipelines, 1 - heat distribution station, 2-11 - designation of buildings 

consuming thermal energy, 12-18 - designation of branching nodes of the heating network. 

Figure 1. Initial model of the district heating system. 

 

 0)( 1313,1222,1211,121213,122,121,12  xxxx  (13) 

 0)( 1414,1333,131212,131314,133,1312,13  xxxx  (14) 

 0)( 1515,1444,141313,141415,144,1413,14  xxxx  (15) 

 0)( 1616,1555,151414,151516,155,1514,15  xxxx  (16) 

  66,161515,161617,167,166,1615,16 )( xxx  

01717,1677,16  xx  
(17) 

 0)( 1818,1788,171616,171718,178,1716,17  xxxx  (18) 

  99,181717,181811,1810,189,1817,18 )( xxx  

01111,181010,18  xx  
(19) 

 0)( 1313,1222,1211,121213,122,121,12  yyyy  (20) 

 0)( 1414,1333,131212,131314,133,1312,13  yyyy  (21) 

 0)( 1515,1444,141313,141415,144,1413,14  yyyy  (22) 

 0)( 1616,1555,151414,151516,155,1514,15  yyyy  (23) 

   66,161515,161617,167,166,1615,16 )( yyy  

01717,1677,16  yy  
(24) 

 0)( 1818,1788,171616,171718,178,1716,17  yyyy  (25) 

  99,181717,181811,1810,189,1817,18 )( yyy  

01111,181010,18  yy  
(26) 
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In Figures 1-5, the following notations are 

applied:  and  /   are free nodes of the 

discrete model in the initial position and base 

nodes connecting the heating system to the heat 

distribution station and heat consumers; о are free 
nodes whose positions have changed after model 

optimization;  are reference points for 

constructing interpolation polynomials of 

transport communication pathways. 

The result of modeling, as a consequence of 

solving the system (13-26), will be the 

configuration of the heating network depicted in 

Figure 2. 

Let's now define the functional constraints in 

the form of interpolation functions for the 

trajectories of two roads, which must pass through 

specified reference points A(xA, yA, zA), 

B(xB, yB, zB), C(xC, yC, zC), D(xD, yD, zD), 

E(xE, yE, zE) и F(xF, yF, zF). We will consider that 

the first road will pass through the first three 

points, and the second road through the last three, 

as shown in Figure 3. The interpolation functions 

of the respective roads will be written using the 

Newton polynomial in the following form [22]: 
 

 

  
(27) 

 
(28) 

Let's transform these two polynomials into 

implicit functions: 

 

 0)(),(  yxPyx ABCABC
 (29) 

 0)(),(  yxPyx DEFDEF
 (30) 

 

To incorporate the functional conditions (29) 

and (30) into the system of optimization equations 

that determine the coordinates of nodes and the 

lengths of segments in the studied model of the 

district heating system, it is necessary to utilize an 

algorithm for managing mesh structures based on 

Lagrange functions i . Assuming that the base 

objective function is (5), then the Lagrange 

function i for an arbitrary і -th node of the model 

(adjacent to n other nodes), considering the 

functional conditional constraints (29) and (30), 

and also taking into account that individual free 

nodes will belong to only one of the functions (29) 

or (30), will appear as follows:  

 
 /

,

1
,,,,

),()( iiiABCABCi

n

j
jiADDjijiSUPjili GyxLKq   



 (31) 

or: 

 /

,

1
,,,,

),()( iiiDEFDEFi

n

j
jiADDjijiSUPjili GyxLKq   



 (32) 
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  - straight sections of heat pipelines after model optimization,  - straight sections of heat 

pipelines before model optimization, 1 - heat distribution station, 2-11 - buildings consuming thermal energy, 

12-18 - branching nodes of the heating network. 

Figure 2. Model of the district heating system optimized without imposing additional conditions and 

constraints. 

 

After differentiating the Lagrange functions 

according to (6), we obtain the following systems 

of conditional equilibrium for the nodes of the 

mesh structure, which will interpret the pipeline 

network of the district heating system for some 

arbitrary і-th node of the model: 

 

1) for nodes satisfying function (29): 

0),(  iiABC yx  (33) 























.0),()(

,0),()(

,

1

,

,

1

,

iiiABCABCi

n

j

jiji

iiiABCABCi

n

j

jiji

yyxyy

xyxxx

 (34) 

 

2) for nodes satisfying function (30): 

 

0),(  iiDEF yx  (35) 























.0),()(

,0),()(

,

1

,

,

1

,

iiiDEFDEFi

n

j

jiji

iiiDEFDEFi

n

j

jiji

yyxyy

xyxxx
 

(36) 

 
Let's formulate a system of optimization equations 

similar to (33) – (34), (35) – (36), and (9) for the nodes 

of the model, which will satisfy function (29), function 

(30), or will not belong to the graphs of either of these 

functions, respectively. Let (see Fig. 3):

      1) Nodes 12-15 will satisfy function (29); 

2) Node 16 will not belong to any conditional 

function; 

3) Nodes 17-18 will satisfy function (30). 
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– straight sections of heat pipelines, - - - - – denotes the trajectories of laying transport routes, which 

will form the functional constraints (29) and (30), 1 − heat distribution station, 2-11 – buildings consuming 

thermal energy, 12-18 – branching nodes of the district heating network, A, B, C, D, E, and F – reference points 

for constructing interpolation polynomials of transport route trajectories.  

Fig. 3. Non-optimized model of the district heating system, depicting graphs of conditional functions (29) 

and (30). 

 

Given the conditions formulated above, the system of optimization equations will take the following form: 

 

 0),( 1212  yxABC
 (37)  

  22,1211,121213,122,121,12 )( xxx  

0),( 121212,121313,12  xyxx ABCABC
 

(38) 
 

 0),( 1313  yxABC
 (39)  

  33,131212,131314,133,1312,13 )( xxx  

0),( 131313,131414,13  xyxx ABCABC
 

(40) 
 

 0),( 1414  yxABC
 (41)  

  44,141313,141415,144,1413,14 )( xxx  

0),( 141414,141515,14  xyxx ABCABC
 

(42) 
 

 0),( 1515  yxABC
 (43)  

  55,151414,151516,155,1514,15 )( xxx  

0),( 151515,151616,15  xyxx ABCABC
 

(44) 
 

  66,161515,161617,167,166,1615,16 )( xxx  

01717,1677,16  xx  
(45) 

 

 0),( 1717  yxDEF
 (46)  

  88,171616,171718,178,1716,17 )( xxx  

0),( 171717,171818,17  xyxx DEFDEF  
(47) 
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 0),( 1818  yxDEF
 (48)  

  99,181717,181811,1810,189,1817,18 )( xxx  

0),( 181818,181111,181010,18  xyxxx DEFDEF
 

(49) 
 

  22,1211,121213,122,121,12 )( yyy  

0),( 121212,121313,12  yyxy ABCABC
 

(50) 

 

  33,131212,131314,133,1312,13 )( yyy  

0),( 131313,131414,13  yyxy ABCABC
 

(51) 

 

  44,141313,141415,144,1413,14 )( yyy  

0),( 141414,141515,14  yyxy ABCABC
 

(52) 

 

  55,151414,151516,155,1514,15 )( yyy  

0),( 151515,151616,15  yyxy ABCABC
 

(53) 

 

  66,161515,161617,167,166,1615,16 )( yyy  

01717,1677,16  yy  
(54) 

 

  88,171616,171718,178,1716,17 )( yyy  

0),( 171717,171818,17  yyxy DEFDEF
 

(55) 

 

  99,181717,181811,1810,189,1817,18 )( yyy  

0),( 181818,181111,181010,18  yyxyy DEFDEF
 

(56) 
 

The result of modeling the optimal coordinates 

of nodes and lengths of segments of the district 

heating network by solving the system (37–56) 

will be the scheme depicted in Figure 4.  

Figure 5 shows a comparison between the 

obtained optimized network and its initially 

accepted variant. 

Having the final coordinates of the optimized 

district heating system before and after 

introducing conditions and constraints, we can 

assess the efficiency of the demonstrated 

approach in percentage terms. 

Let's define the percentage reduction in 

thermal energy losses Q by the formula: 

 
 )0()()0( %100)(   QQQ N

Q  (57) 

 

where Q - total heat losses (heat flow) of all sections 

of the district heating system, determined by 

formula (5); upper indices 0 and N correspond to the 

initial geometric configuration of the model and its 

configuration at the final (N-th) stage of iterative 

calculation (when the calculation error does not exceed 

a certain specified value). 

Comparing the results, it was found that the 

economic benefit from optimizing this district heating 

network without imposing additional conditions 

amounts to a 5.853% energy savings. 

Simultaneously, the economic benefit from 

optimizing this district heating network with the 

imposition of additional conditions amounts to a 

3.164% energy savings. 

The reduction in economic benefits after imposing 

additional conditions and constraints indicates that 

these conditions have a negative impact, preventing the 

achievement of maximum optimization results. 

However, considering that practically all practical 

tasks involve various technical, technological, 

regulatory-financial, or other nature constraints, the 

advantages and potential opportunities of the proposed 

approach for designing and assessing the life cycle of 

district heating systems become evident. 

It is also fair to mention that the final percentage of 

savings will largely depend on the initial geometric 

configuration of the district heating system model. The 

more favorable this initial configuration is, the less 

significant the economic impact of applying the 

corresponding optimization approach will be. 
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 – straight segments of the heat pipelines, ––––– – designation of transportation routes, which will form 

the functional constraints (29) and (30), 1 – heat distribution station, 2-11 – buildings consuming thermal 

energy, 12-18 – branching nodes of the district heating network. 

Figure 4. Optimized model of the district heating system, with imposed functional conditions (29) and (30). 

 

 
 – straight segments of the heat pipelines after model optimization,  

 – straight segments of the heat pipelines before model optimization, 1 – heat distribution station, 2-

11 – buildings consuming thermal energy, 12-18 – branching nodes of the district heating network.  

Figure 5. Initial model of the district heating system and the model optimized with the imposition of 

additional functional conditions (29) and (30). 

Finally, it is worth noting that as a result of 

optimization with the imposition of functional 

conditions, it was found that branching nodes 12 and 

13 were nearly redundant, with very little distance 

between them. This indicates that the corresponding 

section (between nodes 12 and 13) serves little 

functional purpose and can be removed from the 

scheme. This conclusion, in turn, suggests that the 

proposed toolkit for optimizing the configuration of 

district heating networks allows not only identifying 

the shortcomings of poorly placed free nodes in the 

studied area, considering urban planning conditions 

and constraints, but also identifying weaknesses in the 

topology of the corresponding network, manifested in 

the form of local degeneration of some links to values 

close to zero. 
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CONCLUSIONS AND FUTURE 

RESEARCH DIRECTIONS. 

The approach to optimizing the configuration 

of district heating networks is based on 

minimizing objective functions represented by 

total heat losses across the entire length of the 

respective networks. To make this optimization 

tool more practical and effective, it is proposed to 

introduce additional mathematically formulated 

conditions and constraints into the objective 

functions, driven by technical, technological, and 

urban planning regulations. Specifically, several 

optimization examples of heat networks were 

modeled to demonstrate the application of this 

approach, both without additional conditions and 

constraints, and with their imposition, such as the 

requirement to place some free nodes along 

transport routes. The simulation results indicate 

that imposing additional conditions leads to a 

partial reduction in the economic benefits of 

optimizing network configurations. However, in 

practical applications of this approach, avoiding 

the imposition of conditions and constraints is 

practically impossible. 

The demonstrated toolkit not only allows 

achieving higher economic indicators in terms of 

reducing heat losses but also indirectly reduces 

the impact of heating systems on the environment 

by decreasing energy consumption. Moreover, 

this approach enables identifying imperfections in 

the topology of geometric discrete models of the 

studied heat networks, which can be further 

adjusted and rationalized. 

Future research in this direction should focus 

on identifying ways to impose other types of 

conditions and constraints, along with developing 

corresponding mathematical models. 

Furthermore, expanding the objective function to 

transform it into a function of the ratio of primary 

energy consumption to delivered heat energy 

would be beneficial. This would allow 

considering not only heat losses in sections but 

also temperature profiles, resulting in heat carrier 

consumption costs for fluid pumping. 

Additionally, accounting for heat carrier expenses 

would facilitate transitioning from a flat to a 

spatial problem, significantly broadening the 

model's applicability. 
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