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Abstract. The authors present the use of the revised fractional Riemann-

ak
Liouville derivative in the fractional tangent bundle of order k, TM, of a
differential manifold M and the behavior of some objects under a change of

ak
local map. Among the geometrical structures defined on T M we consider
the fractional connections and the fractional Euler-Lagrange equations

ak
associated to a function defined on 7" M. Some examples are given.
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1 Introduction

It is known that the operators of fractional integration and derivation have geometrical
and physical interpretations (see [7]) and they have been used in the modelation of
problems in various domains. For example, in [6], the use of the revised Riemann-
Liouville integral and derivative is shown.

In this paper, the fractional differential calculus on a differential manifold and
the principal geometrical structures on the fractional tangent bundle of order k& are
considered. We also define the FEuler-Lagrange equations associated to a function on
that bundle.

Section 2 contains the definitions of the fractional operators on IR and some of
their properties which are used in the sequel.

In Section 3, we describe the principal elements of fractional differential calculus
on a manifold.

k
The fractional tangent bundle of order k, %’M (a > 0) and some structures having
a geometric character are defined in Section 4.
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In Section 5, the fractional Euler-Lagrange equations are established by using the
notions of classical extremal value and fractional extremal value of an action. We
also give two examples which prove that certain equations do not admit classical
Lagrangians but they can be considered as fractional Euler-Lagrange equations.

2 Brief overview of fractional differential calculus

There are many books dealing with the fractional differential calculus and various
definitions of the fractional integration and derivation. For the purpose of this note
the revised Riemann-Liouville operators will be used (see [?]).

Let I'(«) be the gamma function of the parameter «. « is not necessarily an integer
and I'(1 + o) = a! if « is natural. For a function f : I C IR — IR with 0 € I the
fractional derivative of order « is defined by the expressions:

(2.1) Dy f(t) = F(ia) /0 ]27(;9) ;){J(rg) ds for a < 0;
(2.2) Dy f(t) = I‘(Tnl—oz)c;l:”/o mds for a > 0,

where m is the first integer greater than or equal to «. The relation (2.1) defines
a fractional integral and (2.2) gives a fractional derivative. The last one has many
interesting properties:

I'(1
(2.3) Dt = Mﬂa, > —1,0<a<1;
(2.4) DpDf f(t) = DPtef(t), neN;
(2.5) DiD “f(t)=f(t), D "Dy f(t) # f(1):

o0

(2.6) DY (fo)t Z( )Dfif(t)Dz‘gu),

1=

, d d
where D} = Z°m° s (i times).
If f is an analytical function then

(2.7) ZE () D f(t)

where E,(t) is the Mittag-Leffler function,

2.8
(28) ]Z::OI‘I—&-a]
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3 Fractional differential calculus on manifolds

Let M be an n-dimensional differential manifold, (U, %) a local coordinate system on
Mand Uy ={z e U |0<z' <b, i=1,2,...,n}.
For a function f : Uy — IR we define the fractional derivative with respect to x*:

(3.1) D f(x) :=
_ 1 pm Iif(xl,...,xi_l,s,xi+1,...,73")—f(a:l,...,xi_l,O,xi‘H,...,x")dS)
Fm—a) *J (zi — s)a—m+1
where D™ = 0 o 0 o+ -0 — (m times), i is fixed, « > 0
o gt Oxt dx? ’ T

In particular we have, for « € (0,1), v > —1,

, I'(1+7) xJ ;
Dai v 7:7; Da77:5‘7
e = Fi =) “T(1+a)

Let D, := ai i =1,2,...,n, denote the local base of the module of vector fields
x

Xy (M) and let da’, i = 1,2,...,n, be the local base of the 1-forms D};(M). Using
(3.1) and the previous relations, we get

Proposition 3.1. Let (U, "), (U,fi) be two local coordinate systems such that

UNU # & and

o o7
(3.2) 7 =7'(2',2?%,...,2"), rang ( m) =n,
x

the corresponding coordinate transformation. The following relations hold:
dz' = Ji(Z,x)dx’, where J{(T,T) = Dy T';
(3.3) Dg; = J4(@,x) D2

Tio

(e .
(7 — o 7.
where J (T, x) = DY, T

Ji(®, ) T (@, x) = 5.

A fractional vector field on U C M is an object of the form

[e3

X = )OéiDg‘i7 where %’ eFu(M), i=1,2,...,n.
We denote by )(é v the module of the fractional vector fields on U. )Oé U is generated
by the operators D2, i =1,2,...,n. If c: . = x(t), t € I is a parametrized curve in
U then the fractional tangent field of ¢ is given by

a 1

T(t) = T

(3.4) s

D& (t) D,

Remark 3.1. Under a change of local coordinate systems (3.2) we have

@ a

(3.5) Xi=Jiz) X7,
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«
Remark 3.2. To each fractional vector field X we may associate a fractional
differential equation of order a given by

(3.6) T(t) = X (x(t)).

The equation (3.6) with an initial condition has a solution.

There are several fractional differential equations (systems) which are studied in
literature because of their chaotic behaviour. Among the famous ones we mention:
the fractional Lorenz system (1963), the fractional Rossler system (1976), Rabinovich
- Fabrikant system (1979), Chua’s system (1983) and so on.

Let us consider the real function U given by

1

L= — (2D ¥ e F i=1,2,...,n.
Ty, F(l—l—a)(x) cJsu, 1 5 &y ,n

According to [3] we can define the fractional exterior derivative do : Fiy — Dy, by

(3.7) dof := DS fdal, f € Fy.

Remark 3.3. With respect to the change of the local coordinate system (3.2) we
have
(3.8) Ao = J (T, x)doa’.

In order to extend the operator d, on forms we determine the action of DZ; on
D} If w = w;da? € D} then

(3.9) D% (w) = D% (wjdz?) Z< >D§i—k(wj)pgi(dxa‘).

Since D¥,(dz7) = d(D¥;27) = 0 for k > 1, it results

(3.10) D% (w) = D% (wj)da?.

x

We now define the operator d,, : D}; — D% by
(3.11) dow = dz’, A D% (w), w € D}.

(From (3.10) and (3.11) we obtain
a(xi>a—1

(3.12) dow = Ti+a)

D% (w;)dz" A da? € D

Remark 3.4. Using (3.12) one verifies that
(3.13) doods =

In this way the classical differential calculus on manifolds may be extended to a
fractional differential calculus taking into account the operators D¢, d, and the

,L.'L7

following property of a fractional vector field X = X ’D;‘,; € X U
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B XUa@ =Y (§ )X @D @Dkew, fae

k=0

Given j? , 1(/1' € /’% v we can still consider a covariant derivative by the formula
(3.15) Ve ¥V =X (Dgzyjjtr{kyk) o

o
where ("7, ) are the functions defining the coefficients of a fractional linear connection

on M. They are determined by the relations

(3.16) Vpg Dif = T3,.Df,

(2
where D := D%, 4,5,k =1,2,...,n.
With respect to a change of local coordinates on M, the coefficients (I',) change

according to the classical law by using J “(T, ) instead of Ji(7, x).

k
4 The fractional tangent bundle %M . Geometrical
structure

Let « € (0,1) be fixed and two parametrized curves ¢q,co : I — U C M, 0 € I, with
01(0) = CQ(O) =ux9 €U, xg fixed.

We say that c¢; and ¢y have a fractional contact of order k € IN* in xg if for any
feFu

(1) Dp(foer)|_ = Di*(f o)

, a=1,2,...,k
t=0

holds.

The conditions (4.1) define an equivalence relation on the parametrized curves
around xg.

An equivalence class [c]g(’f is called a fractional k-tangent vector to M in xo. The
set of these classes is the fractional k-tangent space of M in xy and it will be denoted

ak
by Ty, M.
ak ak
By considering T M := |J Ty, M and the map
xoEM
ak

ak
770:[0]%“6 TMw—azoeM
we obtain a bundle
ak ak
(42) (TM,’]TQ,M).

ak
There is a differential structure on T (see [2]) and this bundle is called the fractional

tangent bundle of order k of M.
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We make two specifications:
1. If the curve ¢ has the local representation ¢ : a* = z*(t), t € I, i = 1,2,...,n,
in (U, "), then the class [c]2¥ is given by

x

k tOta

4. “t) =2 Dt =1,2
( 3) (E() x(0)+a§::lf(1—|—aa) t x()t:07 ? » &y ,y 1,
where t € (—¢,¢) Ci.
2. Using the notations
. ) ac 1 .
4.4 t=2a' = D2t i =1,2,...,n; a=1,2,...,k
( ) €z x (0)7 T F(1—|—aa) t x ()tzov ? )< y 15 @ <y s vy

ak
we have the induced local coordinate system on T M,
a 2« ka

(4.5) ((%S)l (U);xi,xl,ml,...,a:i> )

We can establish
Proposition 4.1. With respect to a change of local coordinates (3.2) on M the
following relations hold:

o N0y 3y (V30 s

T L, r +———> 7,

I(20) = o, ((@Da 2\ i)a T((a - 1)a) aa;
2. ( ) r(a)

a (a:l)a bar (ail)a
J;( T ,x):Df‘a_ o,
zd

a  [(a—1)a (a;l)a
J;( z ,I>_ng xi 7i7j:1727"'7k'

Remark 4.1. The fractional tangent bundle of order k is a generalization of the

tangent bundle of order k. If ay, € (0,1) is a sequence such that lim a, = 1, then
p—00

lim P M = T M or T*M.
pﬂoﬁet us define other geometrical structures and objects on the fractional tangent
bundle %EM

1. Let %% : (x,%,...,%) € %EM — <x,%,...,hma> € %}LM, h < k, be the

natural projection and

ak & ak a [ ah
damon X | TM)| —X|TM),
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the operator given by

(4.8) daﬂ'g}li =T1+a)

dx!, DS +de Dg, ] h <k,

a [ ok ak
where the module X ( T M | of fractional vector fields on 7' M is generated by DJ;,
Di,,i=12,...,n;a=1,2,... k.
If we consider Vof‘hk = ker da’ﬂ'glﬁ, h=0,1,...,k—1, then

ch(k 1y © Vil ak—2) & C Vol c Vg

(4.9)
domk(D%) = D%; donok (D;;) Dgy b=1,2.. k.

By Proposition 4.1, V¥ has a geometrical character.
2. The following fractional vector fields:

r=r(l+a)x ’Dga,

2a0 @ *
F P ta)siDe 4 L2

(41()) (k— l)a F(Oé) ];(1“
ko a I'(2a) 2@ D((k—1)a) *
I =T(1+a)z' DS + ' Dy, 4 ————— 2" D],
( ) 2 I'(a) o I'(a) i

are called the Liouville fractional vector fields.

ak o [ak a [ ok
The operator A : X (T M) — X (T M) with the properties

ak ak ak
(4.11)  A(D)=D%; A (Dgg,) Ditier =120 k=15 A <D§a> -0
x* x* 't
ak

determine a k-fractional tangent structure on T M.

Using (4.10), (4.11) we obtain

Proposition 4.2. The k-fractional tangent structure has the following properties:

k
a) aA has a geometrical character;

ak ok ak
b)rangA—kn AoAo---0o A =0;

ak [ka (k—1)a ak [2a a ak /s«
C)A<F): r ,...,A<r)=r, (T) =o.

k k
3. A fractional vector field (fs* € )(é %M is called a k-fractional spray if

k [ ak k
O;\ QS = Io‘é From the last relation we obtain the expresion of the k-fractional
spray:

?T‘

[}

ak ba T'(k . «@ «@
(412) S =T(1+a)2' D% + ZD;); l)a—(a)G’(:c,z,...,ka:>D§a.

xt

zt
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There results

k
Proposition 4.3 The k-fractional spray QS uniquely defines the fractional differ-
ential equations given by:

1 (k+1)a 4 3 a ko
4.1 —D D L, TA+(BE—-1Da)D =0.
(4.13) T+ ko) : z'(t)+ G (x, ca, .., I (k )a) Dy x) 0

k
5 Fractional Euler-Lagrange equations on %M

Let c: ¢t €[0,1] — x(t) € U C M be a parametrized curve on M and
ak

¢itel0,1]— (x(t),“f(t)) e (?%“0>_1(U) CTM a=1,2,... k

E
the extension of c to % M.
ak
Let L: T M — IR be a fractional Lagrange function. The action of L along the

ak .
curve C 18

1
(5.1) A <ack> - / L (m(t), “aé"(t)) dt.
0
Consider a family of curves
ce:t€]0,1] — x(t,e) e M

where the absolute value of ¢ > 0 is sufficiently small such that Ime. C U C M,
co(t) = c(t), D&c.| =0.
0

e=

The action of L on the curve ¢, is given by

(5.2) A (%’“) - /01 L (x(t,g),%”(t,e)) dt,

1
I'(1+ aa)
The action (5.2) has a fractional extremum if

where T (t,¢) = Ditx(t,e), a=1,2,... k.

=0.
e=0

(5.3) D~ {A (%’“)]

At the same time, the action (5.2) has an extremal value if

, (see [1]).

e=0

(5.4) D. [A (%k)}

On the basis of the conditions (5.3) and (5.4) we have the following

Proposition 5.1. a) A necessary condition for the action (5.2) to reach a frac-
tional extremal value is that ¢ : © = x(t) satisfy the fractional Euler-Lagrange equa-
tions:
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5.5 oL+ adM(DggL):o, =1,2,....n,
(5.5) Z oo i n
where

a ba
(5.6) doe = Zx DS e Dg, = DS,

b) A necessary condition for the action (5.2) to reach an extremal value is that
c:x = x(t) satisfy the fractional Euler-Lagrange equations:

(5.7) D$IL+Z 1)%de (DSLL) —0, i=1,2....n,
where

a ba
(5.8) => 2" D e Do, =Dy

b=1

2
Examples and applications. 1. Let L : 13 IR — IR be the Lagrange function
given by

(5.9) L (x% 29?) = i (z) — %all"(l +20) (%)2 - %F(l +4a) (2:3‘)2 :
din

where e : p1(x). The fractional Euler-Lagrange equation associated to L is

(5.10) D(1+4a) % +a;D(1 + 2a) % +p1(z) = 0.
1 . .
If a = 3 the equation (5.10) is

(5.11) Z(t) + arz(t) + 1 (x(t) = 0.

It does not admit a classical Lagrangean but it comes from a fractional Lagrangean.

3a
2. Let L: TIR — IR be the Lagrange function given by

L (28 %.%) = (e + %all“(l 1 2) (%)2 -

(512) —%a2F(1+4a) (2:3)2 + %F(1+6a) (?2?)2

dipy

and @o(x) := T The fractional Euler-Lagrange equation associated to L is

(5.13) T(1+6a) % +asT(1+ da) & +a1T(1 + 20) T +po(w) = 0.
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1
Ifa= 50 We obtain the equation

(514) $(t) + azi'(t) + ala'c(t) + QDQ(ZL’(If)) =0

which also does not admit a classical Lagrangean.
3. The homogeneous Bagley-To6rvik equation,

(5.15) aD*x(t) + bD% %x(t) + ca(t) = 0,

where a,b,c € IR, (0) = 0, D*2(0) = 0, describe the dynamics of a flat rigid body
embedded in a Newton fluid. The equation (5.15) is the fractional differential equation

7/4
for the Lagrangean function L; : T IR — IR given by

(5.16) Ly (x(t),53/04(t),79/c4(t)> ¢ bm’)) F:é"‘(t)} Y are) [%4@)] v

- T(9/4) T(3/2

7
For proof we consider the function L : 72‘ R — IR, given by

5a Ta o 5a0\ 2 o 2
o1 (B ) = g e () ratan (8)

where a; = al'(3), by = bI'(5/2). The fractional Euler-Lagrange equation associated
to (5.17) is the following:

(5.18) DL — 43 (D%L) — i (D%L) —0.

Using the relation (2.3), we have

" cx N2+ a)

DL = ng(x(t))l ¢ :2F(1 T a) 'b (D) = cx(t);
o _ 1 a (B @ _ 1 5a Ot.
L ST
DL =~ D% (F0) = —ra g (F0)

doe (ﬁ%}L) — b, F(t); dl (D%L) — Tt

~—

(From (5.18), with (5.19), we obtain the equation

S8a

(5.20) ay B () + by T () + cx(t) = 0.

1
For a = T the relation (5.20) leads to the equation

(5.21) ar B() + b1 E () + ca(t) = 0

which is equivalent to (5.15). Consequently, (5.15) is the fractional differential equa-
tion associated to L; given by (5.16).
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6 Conclusions

Starting from the idea that the fractional techniques and methods require a fractional
geometrical model we consider the fractional tangent bundle of order k. On this tan-
gent bundle are defined some objects and structures having a geometrical character.
We also consider fractional Lagrangeans on that bundle.

As the examples show there are some equations which do not come from a varia-
tional principle, but they can be described as the Euler-Lagrange equations of frac-
tional Lagrangeans.

Most approaches of the fractional order systems in literature are studied with
numerical methods. A logical target for us is to analyse the behaviour of a fractional
dynamics including geometrical methods. Related results can be found in [4, 5].
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