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Abstract— In this work, it is proposed the procedure for In this paper, there are proposed the analytical
tuning the PID controller to the underdamped second-order  expressions for calculation the tuning parameters of the
systems, that offers the possibility to optimize the  p|p controller for the processes that are described by the
performance of the system. The analytical expressions for second order model of objects. These analytical
calculation the tuning parameters of the PID controller were expressions were developed based on the maximum

obtained according to the maximum stability degree . L
criterion. These analytical expressions permit to calculate stability degree criterion and they depend on the values of

the tuning parameters according to the values of the the damping ratio, natural frequency and transfer
damping ratio, natural frequency and transfer coefficient, ~ COefficient of the system, which are obtained from the

that can be determinate from the step response of the  step response of the open-loop system.
underdamped system. The proposed procedure for

performance optimization permits to optimize the value of [l. THE TUNING PROCEDURE OF THE PID CONTROLLER
rise time and percentage of overshoot. To demonstrate the TO THE UNDERDAMPED SECOND-ORDER PROCESSES
efficiency of proposed method the computer simulation was

It is considered given the conventional structure of the
automatic control system (Fig. 1), which includes the
Keywords—PID controller; maximum stability degree  cOntrol object with inertia second order and the controller
criterion; underdamped systems; performance of the control  that represents the generalized form of the PID controller,
system which it is described by the following transfer function

[1]

performed.

l. INTRODUCTION

The practice of the automation of the technological Hg(s) = k +ﬁ+ K.s— ki +kps +Kg s’ 1)
processes demonstrates that most of the industrial R Pg d S '
processes can be controlled by PID control algorithms

and its variation. The are a lot of tuning methods of the  where k,, k;, kq are the tuning parameters of the controller.
PID controller that permits to achieve the imposed
performance and good robustness to the automatic control
systems. There is a relevant issue, as there are many
processes (robot arms, cranes, power system electronics
etc.) in automation practice that exhibit oscillatory ot + u(t)
behaviour. These processes are descrlbe_d by the second _"_Q@ WaN | Control object
order models and can required the transient response of

the closed loop system with minimum overshoot and
perturbation rejection [1].

There are proposed several tuning methods of the PID L5 D
controller for underdamped systems as Ziegler-Nichols
method, frequency methods, Posicast Input Command
Shaping (PICS) method. Some of these methods require
to be known the mathematical model that approximates Figure 1. Block scheme of the automatic control system.
the dynamics of the process [1-3].
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The control object is described by the transfer
function with inertia second order [1]:

H (s) = kw? B k
F a,s’+a,5+a,

$*+2Lm,5+ w?

@)

where k is the transfer coefficient of the control object;

@, - is the natural frequency, & - is the damping ratio,
and a, :iz;a1 :E;a2 =1.
n n
The value of transfer coefficient, natural frequency
and damping ration can be calculated from the step
response of the open system:

y'

Ty

Ymax

t,
Figure 2. Step response of the underdamped system.

From Figure 2, the damping ratio is calculated
according to the [6, 9]:

- 3)
V1+(27z/logd)?
where d is decay ratio.
The value of the natural frequency is given by:
o = 2r (4)

where T, =t, —t, is period of oscillations.

One of the criterion that is used for tuning the PID
controller is maximum stability degree (MSD) criterion
[4, 8]. This criterion supposes the maximum displacement
in the complex half-plane of the nearest characteristic
equation’s roots of the designed system to the imaginary
axe Re p;i<0.

The characteristic equation of the closed-loop control

~ Y
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system is:
A(s) = %(%53 +as’ +a,5) +k,s” +k,s+k - (5)

In the work [9], was proposed for the case when
number of the tuning parameters is equal or less then the
characteristic equation order, the maximum stability
degree value is calculated by the following expression:

&

J=—"-.
2a,

(6)

In the paper [9], has been defined the expression for
calculation the value of maximum stability degree of the
system in dependency of the tuning parameters:

k

p

J=—t
2k,

()

In this case, by doing the equalling of the expressions
(6) and (7), it is obtained

k_p = i ®)
2k, 2a,

From expression (8), it can be presented the analytical
expression for calculation the derivative tuning
parameter:

kg =2k, ©)
aO

Next, according to the maximum stability degree
method with iterations [7], there are obtained the
analytical expressions for calculation the tuning
parameters of the PID controller:

1
kp:E¢3q92+2qJ—ag+2QJ, (10)
Kzé(%as_qaﬁ+%3y—@32+kg, (11)
1
ky =—— (6a,J —2a,).
4 =5 (03] —2) (12)

In this way, using the (7)-(9) expressions, the
dependencies (10)-(12) can be rewritten as:

k, =2J Ky, (13)
a

k =27, (14)
K
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ky = b (15)  H ()= 09925 .(19)
2k s +2Lm,s+w; s°+0.1997 s +0.09922

According to the expressions (3)-(4) the analytical
expressions (13)-(15) can be rewritten in the following
form:

k, =23k, (16)
1
k==J, (A7)
"k
K, =2 (18)
ko,

The tuning parameters depend on the object
parameters that are known and can be determinate from
the experimental curve of the open loop system and
depend on the value of the maximum stability degree J,
that can be calculated from the (6) expression.

The procedure for optimization the performance of
the automatic control system supposes the variation of the
stability degree value J>0. According to this variation it
is possible to obtain the transient responses with different
system performances as overshoot and settling time.

I1l. STUuDY CASE AND COMPUTER SIMULATION

It is considered that the underdamped second-order
process has the step response presented in the Figure 3.
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Figure 3. The step responses of the open-loop system.
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Based on the expressions (3)-(4) according to the step
response, there are calculated parameters of the control
object:

®,=0.315, £=0.317, k=10.

The obtained transfer function, that describes the
process is the following:
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Based on the analytical expressions for calculation the
tuning parameters of the PID controller (16)-(18), there
are obtained the different sets of the tuning parameters
presented in the Table I, for the different values of the
stability degree.

TABLE I. TUNING PARAMETERS OF THE PID CONTROLLER AND
PERFORMANCE OF THE CONTROL SYSTEM

No J kp ki Ky ts tr c

1 0.099 | 0.0199 | 0.009 | 0.1006 | 39.50 | 39.50 0

2 0.13 0.0262 | 0.013 | 0.1006 | 29.39 | 29.39 0

3 0.16 0.0322 | 0.016 | 0.1006 | 26.26 | 9.734 | 0.81
4 0.2 0.0403 | 0.02 0.1006 | 39.93 | 7.09 3.52
5 0.25 0.0503 | 0.025 | 0.1006 | 47.56 | 5.66 10.89

The simulation results of the control system with PID
controller tuned by the proposed method is presented in
the Figure 4, for differents values of the stability degree:
curve 1 — transient response for J = 0.099, curve 2 —
transient response for J = 0.13, curve 3 — transient
response for J = 0.16, curve 4 — transient response for J =
0.2, curve 5 — transient response for J = 0.25.
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Figure 4. The step responses of the control system.

IV. CONCLUSIONS

In this paper, it is proposed the method for tuning the
PID controller to the second order underdamped systems.
These method can be easily applied for the case then it is
known just the step response of the open loop
underdamped system and according to the proposed
analytical expressions can be calculated the tuning
parameters of the PID controller based on the values of
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the: damping ratio, transfer coefficient and natural
frequency.

These expressions were development based on the
maximum stability degree criterion, which ensures the
good robustness to the control system. The optimization
procedure permits to obtain the different performance of
the automatic control system by varying the value of the
maximum stability degree.

ACKNOWLEDGMENT

This work was supported by the project
22.00208.5007.12/PD | “Models and algorithms for
control and behaviour approach of the interoperable
systems”.

REFERENCES
I. Dumitrache, Ingineria reglarii automate. Bucuresti: Politehnica
Press, 2005.

A. O’Dwyer, Handbook of PI and PID controller tuning rules, 3rd
Edition. Imperial College Press, 2009.

J. G. Ziegler, N. B. Nichols, Optimum settings for automatic
controllers. USA: Research Triangle Park, 1992.

(1]
[2
(3]

229

(41

[5]

(6]

[71

(8l

(9]

A. M. Ily6namze, ,,CrocoObl CHHTE3a CHUCTEM YIPaBJICHHUS
MakcuMalbHOU crenenu ycroiunBoctu (Methods of synthesis of
control systems with maximum stability degree),” In: ABTOMaTHKa
u tenemexanuka, Nel, 1980, pp. 28-37.

S. Dormido, F. Morilla, “Tuning of PID controllers based on
sensitivity margin specification,” In Proceedings of 5th Asian
Control Conference, Melbourne, Australia, 1, 2004, pp. 486-491.

E. Granado, E. Mata, S. Revollar, W. Colmenares, O., “Pérez.
Study about system identification for second order process: an
open and closed loop improvement,” In: Revista Ingenieria UC.
Vol. 11, No 1, pp. 41-47, 2004.

B. lzvoreanu, I. Cojuhari, I. Fiodorov, D. Moraru and M. Potlog,
"The Method for Synthesis the Pl and PID Algorithms to the
Model of Object with Inertia Second Order," 2019 International
Conference on Electromechanical and Energy Systems
(SIELMEN), 2019, pp. 1-4, doi:
10.1109/SIELMEN.2019.8905823.

1. Fiodorov, B. Izvoreanu, 1. Cojuhari, “Synthesis of Robust PID
Controller by the Maximum Stability Degree Criterion,” In:
Proceedings of 2015 20th International Conference on Control
Systems and Computer Science-CSCS-2015, Bucuresti, UPB,
Romania, vol. 1,2015, pp. 57-64.

I. Cojuhari, “Algorithm for self-tuning the PID controller,” In:
Journal of Engineering Science. XXVIII, 2021, pp. 63-73.
10.52326/jes.utm.2021.28(4).06.


http://elibrary.ru/author_items.asp?authorid=494247&authorhash=%D0%A8%D1%83%D0%B1%D0%BB%D0%B0%D0%B4%D0%B7%D0%B5+%D0%90+%D0%9C
http://cscs20.acs.pub.ro/
http://cscs20.acs.pub.ro/

