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Abstract

The constitutive nonlinear equations of anisotropic materials
are examined in reversible deformation area. The constitutive
equations of the second order, in which the tensors of elastic con-
stants of forth order listed, are analyzed in detail. The matrix
representation of these tensors and analysis of independent con-
stants of elasticity in function of material symmetry and type of
atoms interactions is given.

Keywords: tensor, stress, strain, symmetry, constant elas-
ticity.

1 A matrix reprezentation of a six order tensor

In the case of nonlinear relations between stress and strain the six and
eight order tensors are intervened, and these tensors can be presented in
the form of composite matrix. On basis of symmetric relations it is pos-
sible to pass from two indexes notations to one index after Viogt [1-3]
convention 11 ∼ 1, 22 ∼ 2, 33 ∼ 3, 23 ∼ 4, 13 ∼ 5, 12 ∼ 6. Adopt-
ing this convention, we will write cijnm = cKM , cijmnrs = cKMF ,
cijmnrskq = cKMFL, where the small letters have the values 1,2,3, but
big 1,2,...,6. Additionally we have

cKM = cMK , cKMF = cMKF = cFMK = cKFM

cKMFL = cMKFL = cKMLF = cMKLF = cLFKM = cLFMK =
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= cFLKM = cFLMK = cFKLM = . . .

Matrixes cKM , cKMF , cKMFL don’t represent the tensor in the ob-
tained meaning. Therefore, in the rule of components transformation
at rotation of reference system there is not directly given the rotation
matrix r. It can be demonstrated, that for these matrixes the known
rules of components transformation can be used, so

c′KM = RKIRMJcIJ , c′KMF = RKIRMGRFT cIGT ,

c′KMFL = RKIRMGRFT RLUcIGTU .

(CI)GT matrix takes the form (1), i.e. C1 =
(

C1

C2

)
.
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So, the tensor of elastic constants of fourth order is expressed by
21 independent components, but six order tensor form 56. These 56
components are presented in the form of column matrix with 56 × 1
dimensions.

If materials have other elements of symmetry too, the number of in-
dependent constants of elasticity is reduced. So, it can be proved, that
for materials with cubic symmetry the number of elasticity constants
of stress tensor of sixth order is decreased down to six.

The only non-zero constants of elasticity tensor of sixth order are

c1 = C111 = c22 = C222 = c37 = C333,

c2 = C112 = c3 = C113 = c7 = C122 = c23 =

= C223 = c12 = C133 = c27 = C233,

c8 = C123, c51 = C456, c16 = C144 = c34 = C255 = c46 = C366,

c19 = C155 = c21 = C166 = c31 = C244 = c36 =

= C266 = c41 = C344 = c44 = C355.

Therefore, the elastic behavior of material of cubic symmetry in
approximation tij = cijnmdnm + cijnmpqdnmdpq is described by 9 inde-
pendent constants; 3 components of forth order tensor a1, a4, a7 and
six independent components of sixth order tensor c1, c2, c8, c16, c19, c51.
In the case of isotropic material, between independent constants of
forth order tensor the relationship takes place a4 = a1−a7

2 , but for elas-
ticity constants of sixth order tensor tree more relations are obtained
c16 = 1

2(c2 − c8), c19 = 1
4(c1 − c2), c51 = 1

8(c1 − 3c2 + 2c8). Therefore,
the governing equations of second order in case of isotropic materials
are expressed from only 5 independent constants. If interaction be-
tween atoms is central, than the following relations exist a7 = a4 = a1

3 ,
c8 = c16 = c51 = 7c2−c1

6 , so, in case of one isotropic material with
central interactions, the governing equations of the second order are
expressed only by tree independent constants. In case of governing
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equations of tree order may interfere the eight order tensors. These
tensors are expressed by square matrix of sixth order, each element is
represented by the sixth order matrix.

2 Conclusions

For cubic symmetry materials the number of independent constants of
elasticity is reduced down to 9. In the case of isotropic materials the
number of independent constants of elasticity is reduced down to 5, if
interaction between atoms is central, than the number of independent
constants is reduced down to 3.
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404 pp.

[2] W. Viogt. Lehrbuch der Kristallphysik. Teubner, Leipzig, 1910.

[3] C. Teodosiu. Elastic models of crystal defects. Publisher of Roma-
nian Academy, Bucureşti, 1977, 322 pp.
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