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Abstract — - A tuning algorithm of linear controllers P,
PI, PID in multiple-loop feedback control systems is
proposed in this paper. The control objects consist of
three subprocesses, which are described by dynamical
models with inertia (third order). The controllers in the
internal contours 1 and 2 and in the external contour
are tuning according the maximal stability degree
method. In the internal contour is used controllers P
and PI, in the external contour is used controllers P,
PI, PID. There are using the iterative procedure, for
determinate the optimal parameters of controllers P,
PIL, PID. The tuning algorithm of controllers represents
an algebraic method, which consists of two stages. On
first stage the numerical value of the optimum stability
degree of designed control system is determined. On the
second stage the numerical value of tuning dynamic
parameters of controllers are determined from
algebraic expressions.

Keywords: multiple-loop feedback control system,
tuning of controllers, maximal stability degree method.

method for tuning of typical controllers P, PI, PID
for a class of control objects’ models with inertia,
which are connected in cascade, represented by three
subprocesses and, as result with three regulating
loops.

2. THE ALGORITHM OF TUNING
CONTROLLERS

The multiple-loop feedback control system (Fig. 1) is
represented by three contours: internal contour / with
controller’s transfer function Hpy;(s) and subprocess
Hps(s), internal contour 2 with controller’s transfer
function Hy,(s) and equivalent subprocess H 'r(s), and
external contour with

controller’s transfer function Hg;(s) and equivalent
subprocess H 'r(s).

The tuning of controllers is recommended to realize
first in the inertial contour I, after in the second

Hraty)

Hif5)

oy

——2

1. INTRODUCTION

At the projecting of multiple-loop control systems are
used many tuning methods of typical controllers:
frequency method, criteria (of modulus) method etc.
Frequency method is accompanied with difficulties
of calculating [1,2,3]. Criteria (of modulus) method
becomes unacceptable when the control processes are
slowly, and they have big time constants and this
reduce the performances of entire system [1,2,3]. To
bypass these above-cited inconveniences in the paper
is proposed to use of the maximal stability degree

inertial contour, then in the external contour.

The control object consists from three inertial
subprocesses with the transfer functions:
k 1
Hp(s)= > (1)
F1(s) Tsil
HFZ(S) — k2 N with T] >T2. (2)
T2S +1
ks T,>T>T 3
Hp(s)=—"—> Cul;~i~ 13 3)
Tys+1
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In expressions (1), (2) and (3) we have the notations:
ki, ky, ks are transfer coefficients of subprocesses; T},
T,, T; are time constants of respective subprocesses.

2.1 The tuning controllers in the first internal
contour

Is implementing the tuning of controller with transfer
function (t.f.) Hpgs(s) from internal contour to the
subproccess with t.f. Hgs(s). Suppose that P and P/
controllers are used.
e P controller is tuning to the object with
transfer function (3), applied the maximal stability
degree (M.S.D.) method and tuning parameters of
controller are determinated from relations [4,5,6]
k,, =i(T3J—1)- 4
k3
In the relation (4) J is the maximal stability degree
and which is chose from the following condition
J>0. The maximal stability degree J is choosing
from the consideration as the duration of the
transition process will has the sated values.
The t.f. of internal contour with P controller:

H (s): HRS(S)HFS(S) _ ksk s - ky
P N Hy(s)Hs(s)  Tys+1+kk,,  Tis+1 (

5)
where , = kks [ 1+ ksk ), T, =T, I(+kk,3) -

e PI controller is tuning to the object with the
transfer function (3), applied the M.S.D. method and
tuning parameters of controller are determinated
from relations [4,5,6]

1
ks =—Q2T,J-1). (6)
k3
T.
ky =227 (7)
k3

We can obtain the values of parameters ki, ki,

changing the J>0 value, for that the performances of
control system are predefined.
The t.f. of internal contour with P/ controller is

H (s): Hm(S)Hm(S) _ k3k!’3s+k3k"3 —
2 1+ H o (s)H 5 (s)  Tys® +5+ kyk 58 + ks,
o dostd (®)
cos” +es+e,
k 1+ kik
where d,=-2,d =1,¢, =L, ¢ =M’ ¢, =1.
k,3 EUTE) kskis

2.2 The tuning controllers in the second internal
contour

The structure block scheme of the second internal
contour is represented in the figure 2.

H'pafs)

1 y

Hyds) w0 Heafd

-iT.{ Huf) *?»‘ Huafy) }—» T+ Hrfs)

Fig.2 - Structure block schema of automation system
with second internal contour

Is implementing the tuning of controller with t.f.
Hpy(s) from the second internal contour to the
subproccess with t.f. H r3(s) and Hp(s). Suppose that
P and PI controllers are used, for tuning of P, P/
controllers in the second internal contour it is
necessary to determine the equivalent transfer function
of the object (5) with P controller in the first internal
contour and transfer function of subprocess Hr:(s) (2)

, K k 3 )
Hy o (5)= Hpy(5)H oy (5) = —22 2 - 2 )
srals) = Hps(5)H 2 (5) (Tis+1) (Tys+1)  ays® +ays+a,
k. k.k
where ' ' * ' 238y
a, =TT, a =T,+T,, a,=1, k, =k ,k, =
0 273 1 2 3 2 2 273 1+k3kp3

* P controller is tuning to the object with transfer
function (9), applied the M.S.D. method and tuning
parameters of controller are determinated from
relations [5,6]
2 a

b= ol v =Gy T =2 10)
In the relation (9) J is the maximal stability degree
and which is chose from the following condition
J>0.
The t.f. of the second internal contour with P
controller:

H' (S): HRZ(S)H‘FZ(S) _ k,
2 1+HR2(s)H'F2(s) a,s’ +as+a,

, (1D

a, . a,
T, a4 = O
a, + kpzk2 a, + kpzk2

where @ = ay =1k, =k,k,.

e PI controller is tuning to the object with the
transfer function (8), applied the M.S.D. method and
tuning parameters of controller are determinated from
relations [5,6]

2
k,, _ L (e v 200 —a) = (G
k2 P 3610 , (12)
1 1 a a
ky=—(ay)’ —aJ* +a,J) +hk,J =—— =—
2 kz (ao a, a, ) P kz 27(!3 with 330 .
(13)

We can obtain the values of parameters K,y ko

changing the J>0 value, for that the performances of

control system are predefined.

The t.f. of internal contour with P/ controller is
HRz(S)HFz(S) dys +d,

Hl = = .
FZ(S) 1+HR3(S)HF3(S) cys’+e s oSt (14)
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k a a
where  d,=-22,d =1,¢,=—, ¢, =—",
i2 272 kzkiz
(a,+kk )
=2 2p2 1.

c ; >
’ k2k13 ’
For the case when we have in the first internal contour
PI controller we will have the follow equivalent
transfer function of the object (8) with P/ controller in
the first internal contour and t.f. of subprocess Hpx(s)

2
bys + b,

3 2 ’
a,s” +a;s” +a,s+a,

(15)

HZFZ(S):H’Fs(S)HFz(S):

k T,
Wherebo:kzdozizkz:bl:kzdlzkzvao =c =",
kiy kykiy

T, +T,(1+ksk 5)

a =c,+c T, = ,a, =c¢, +c,T, =

k3ki3
1+k3kp3 T - 1+k3(kp2 +T2ki2)' _
k3ki2 ’ kSkIZ o

* P controller is tuning to the object with transfer
function (15), applied the M.S.D. method and tuning
parameters of controller are determinated from
relations [4,5,6]

- a,J’—aJ? +a,J —a,
2 b —byJ

(16)

In the relation (16) J is the maximal stability degree
and which is chose from the following condition J>0.
The t.f. of the second internal contour with P
controller

Hl'rz(s): HRZ(S)HFZ(S) _ dys+d, ’ (17)
1+HR2(S)HF2(S) 0053 +C‘1S2 +c,8+cy
where
_ kprO _ kprl c = a,
Cay+k,b T ay kb Y ay kb
= a, ’ 2:az+kpzbo, -
a, +kp2bl a, +kp2b1 :

PI controller is tuning to the object with the transfer
function (15), applied the M.S.D. method and tuning
parameters of controller are determinated from
relations [4,5,6]

=3agbJ* + I (dagh, +2ab,) - I (Bab, +ab,)+2a,b,J —ah,

k >
: (b ~5)
(18)
L :7a0J4+alJ3fa2Jz+a3J+k J (19)
R T ) R
We can obtain the values of parameters & ,,, k,,

changing the J>0 value, for that the performances of
control system are predefined.
The t.f. of internal contour with P/ controller is

H (s)* HRZ(S)HFZ(S) dys’ +ds+d,
R T 4 Hop(9)H 1y (s)  cps* +¢8° +¢,8° + g5 +¢,

(20)

k b, k b
whered, =—2", d, =221 d, =1, ¢, =—0 ¢ =4,
kiZbl kiZbl klel kizbl
a, +kp2b0 a, +kp2bI +k;,b,
¢, = ,Cy=— ,cq=1.
kizbl kiZbl

2.3 The tuning controllers in the external contour

The structure block scheme of the external contour is
represented in the figure 3 a, b.

4?_> Hu(s) 9 H'r(s) | Hr(s) ‘T_y’

a)
. y
_>? Hg(s) »|  Hy(s) T’
b)

Fig.3 - Structure block schema of external contour

Tuning of P, PI, PID controllers in the external
contour it was made for four case, when in the first
internal contour it was tuning P and P/ controller and
in the second internal contour in was tuning P and P/
controllers.

I case. In the first case it is necessary to determine the
equivalent transfer function of the object (11) with P
controller in the first internal contour and P controller
in the second internal contour with the transfer
function of subprocess Hp(s) (1)

k ey

T3 v n
a s’ +as”+a,s+a
0 =

HE(S):HI""Z(S)HFI(S):

where a =al}, a =ali+a,, a,=a,+a, a =a,, k=kk,-

For object with t.f. (21) P, PI, PID controllers can be
tune applied the M.S.D. method using the relation
from [4,5,6]:

Control system with P controller:

k, =%(a:J3—aTJ2+azJ—aj). (22)
Control system with PI controller:
1 * * * *
k= (a3’ +2a0] ~a)). (23)
J? . .o s

k, = 7(3arOJ2 —2aJ+a). (24)

Control system with PID controller:
kg, =%(—6a:J2 +3aJ-a)), (25)

k, = 1 (4a’J> =3a’J* +2a"J —a’)+2k,J. (26)
k 0 1 2 3
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k, = Yartsar—ar+an —k 4k, @27
i k 0 1 2 3 P

Values of kpl, k.

il

k,, parameters are obtained, made

the variation of J value, for that the performances of
control system are predefined.

II case. In the second case it is necessary to determine
the equivalent transfer function of the object (14) with
P controller in the first internal contour and P/

controller in the second internal contour with the
transfer function of subprocess Hpg,(s) (1)
bys +b, (28)

Hy(s)=H},(s)H = ,
3(5)= Hials ) (5) ays* +as’ + a5’ +as+a,

where by=kd,, b =kd,, ay=c,T, a, =c T, +c,

a,=c,],+c;,a,=c;T, +c,,a, =1.

For object with t.f. (28) P, PI, PID controllers can be

tune applied the M.S.D. method using the relation

from [4,5,6]:

Control system with P controller:

k _—aOJ4+a]J3—a2J2+a3J—a4 (29)
= .
’ b, —b,J
Control system with PI controller:
b = dyJ’ —dJ* +d,J* ~dJ* +d,J —d (30)
i (b =byJ)’
where

d, =4a,b;; d, =5a,b, +3ab; d, = 4ab, +2a,b,;
dy =3a,b, + a;by; d, =2a,b,;d, =ba,;

, = aJ’ —aJ* +a, 0’ —aJ +a,J k. (31)
b —b,J ’
Control system with PID controller:
. —dyJ* +dJ —d,J +d,J  —d,J  +dJ —d, | (32)
@ 2(b, —byJ )}
where ¢ =12a,b,’; d, = 42a,b,’b, + 6a,b,’;
d, =50a,b,b,> +22a,b,’b, +2a,b,’;
d, =20a,b’ +28a,b,b,> +8a,b,’b,;
d, =12a,b’ +12a,b,b,>; d, = 6a,b,’ +
+2a,b,b,’ —2b,’b,;d, = 2a,b,’ —2b,b,’;
5_ 4 3 2 _
- (dos* —d,J* +d,J A, +d,J d5)+ 2,7,
(b =b,J) (33)

where d, =4ab,; d, = S5a,b, +3a,b; d, = dab, +2a,b,;
dy =3a,b +aby; d, =2ab; dy =aby;

_a —aJ +a, ) —a g+
b, —byJ

(34)

k, kpd? +k,J.

Values of kpl,k“,k ,, barameters are obtained, made

the variation of J value, for that the performances of
control system are predefined.

III case. In the third case it is necessary to determine
the equivalent transfer function of the object (17) with
PI controller in the first internal contour and P

controller in the second internal contour with the
transfer function of subprocess Hr;(s) (1)

y bs+b
HZ(S):HFZ(S)HH(S): 0 > (35)

4 3 2 >
a,s” +a;s” +a,s” +as+a,

where by =kd,, by =kd,, ay=c,T}, a, =T} + ¢,
a,=c,1, +c,,a,=c;,T, +c,, a, =1.
For object with t.f. (35) P, PI, PID controllers can be
tuned applying the M.S.D. method using the relation
from [4,5,6]:
Control system with P controller:

_ —aJ +aJ’ —a,J? +a,J —a,
o b, —b,J ’

. (36)

Control system with PI controller:
k= dyJ’ —dJ* +d,J’ - d;JZ +dJ —ds |
(b] - bo'])
dy=4a,b,; d, =5a,b, +3a,b;; d, =4a,b, +2a,b,;
d, =3a,b, +ab,; d, =2ab; ds =b,a,;
k, = a’ —aJ +a,J} —a g +a,J
b —b,J
Control system with PID controller:

(37

where

(38)

+k,J.

—dJ’+dJ’-d,J +d, g —-d, I +dJ —d,

P (39)
“ 2(b1 _boJ)4

3. _ 2 3.,
where ¢ =12 a,b,’;d, = 42 a,b,’b, + 6a,b,’;
d, =50a,b,b +22a,b,°b, +2a,b,’; d, = 20a,b,” +28a,b,b,” +8a,b,’b,;
d, =12ab +12a,bb,’; ds = 6a,b’ +2a,b,b° —2b,°b,; d, = 2a.h, —2b,b,’;

(40)

. (do* —dJ* +d, > —d,J?> +d,J -d)

, G b0) +2k,J,
1 0

where g =4ab,; d, =5a,b, +3a.b,; d, =4ab, +2a,b,;
d, =3a,b, +a,b,; d, =2a;b;; d; = a,by;

aJ’—aJ* +a,J? —aJ* +J 41
k, == L b—ZJ 3 —k“J2+kp1J.( )
1 0

Values of k .k, k, parameters are obtained, made

the variation of J value, for that the performances of
control system are predefined.

IV case. In the forth case it is necessary to determine
the equivalent transfer function of the object (20) with
PI controller in the first internal contour and P/
controller in the second internal
contour with the transfer function of subprocess
Hpi(s) (1)

bys® +bys +b, (42)

2 bl
ays’ +ast +a,s’ + a5t +a,s+a;

HZ(S):HVH(S)HF](S):

where by=kd,, b =kd,, b, =kd,, a,=c,T}, a, =T, +¢,,

a,=c¢,T +c, a,=cT +c,, a,=Tc, +c;, a; =1.
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For object with t.f. (42) P, PI, PID controllers can be
tune applied the M.S.D. method using the relation
from [4,5,6]:

Control system with P controller:

(43)

5 4 3 2
_aJ —aJ +aJ —a,J +a,J—as

k
7 byJ* —bJ +b,

Control system with PI controller:

¢ ) —dJ +d, ) —d ) +d ) —d ) +d ) ~d, (44)
o (byJ* —bJ +b,)’ ’

where d, =4a,b,; d, =5a,b, +3a,by; d, = 6a,b, +4a,b, +2a,b,;
dy =5a,b, +3a,b, +asby; d, =4a,b, +2a,b;; d; =3a;b, + a,b, —ash,;
dy =2a,b,;d, =asb,.

k —aJ+aJ’ —a ] va —aJ +agd (45)

" byJ? —bJ +b,

+ka.

Control system with PID controller:
(46)

5

P dJ" +dJ’ —dJ* +dJ —dJ +d S —dJ +d S —dJ +dJ ~d,,
“ 2byJ? —bJ +b,)*

where d, =2a,b; d, =42a,bib, +6a,b;;

d, = 46a,b;b, +80a,b,b} +40a,b;b, +2a,b;;

d, =100a,b,b,b, +20a,b; +28a,b,b} +24a,b;b, +8a,b.b;;

d, = 64ayb,b? +68a,bih, + 64a bbb, +12a,b° +8a,bb, +12a,b,b’;
d, = 46a,b2b, +80ayb,b> +40a,b7b, +2a b}

d, =100a,b,b,b, +20a,b; +28a,b,b} +24a,b;b, +8a,b.b;;

d, = 64a,b,b> +68a,b}b, +64a,bb, b, +12a,b, +8a,b;b, +12a,bb};
d, =78a,b,b; +48a,b,b; +52a,b’b, +32a,b,bb, +16a,b,b, (b, +b,)+12a,b} +
+4a,b,b} —12a,b,b; —6a,b}b, —6a,b’b, —4a,b,b, b, —2a,bb, —2a,b; +
+4a,brb, +2a.b; +2a;b,b;;d, =30a,b3 +50a,b,b; +18a,b, (b,b, +b})+
+2a,b,(2b,b, +b7) —2a,b, (b} +2b,b,) +2a.beb,;

d, =200, +28a,b,b> +4a,b,b? +8a,bib, —8a bbb, - 4abib,;

dy =12a,b + 60,2 (b, +b,) + 2a,b,b, b, — 4a,b,b? —2a,b,b —2ablb, -
—6agbybby;dy =12a,b,b> +6a,b%b, +4ab,b, b, +2a,b —

—dasbyb, (b, +b,)—2a.b] (b, +b,);d,, =2a,b] —2abb;.

47)

o Aol = dy ) —d T +d, ) —d T vy ~d,
" (byJ? —b,J +b,)?

+2k,J,

where g —44.b,; d, =5a,b, +3a,b,; d, = 6a,b, +4ab, +2a,by;
dy =5a,b, +3a,b, + asb,; d, =4a,b, +2ab;; d; =3asb, +a,b, —asbh,;
dg =2a,b,;d, =ab,.

_—aJ +aJ’ —a, J va C —a,J +agd
. byJ? —bJ +b,

k bk k.

(48)
Values of kpl,k“,k ,, parameters are obtained, made

the variation of J value, for that the performances of
control system are predefined.

3. APPLICATION AND COMPUTER
SIMULATION

To show the efficiency of the proposed algorithm for
tuning of the typical controllers in the multiple-loop
feedback control system with inertia (third order)

using the presented relations was examine an example
with the object models which has the following
parameters: Hps(s): k;=0.1, T5=0.5, Hgy(s): k,=0.5,
T2:1 and HFI(S).' k1:2, T1:2,

The P, PI controllers were tuning in the first and
second internal contour using the maximal stability
degree method, which permitted to obtain the high
performance, varied values of J and choosing the k,;
and k3 ks ky and k,, k values for respectively
controllers.

The P, PI and PID controllers were tuning in external
contour using the maximal stability degree method,
which permitted to obtain the high performance, varied
values of J and choosing the respectively values of the
P, PI, PID controllers.

The computer simulation have been made in
MATLAB and the simulation diagram of multiple-
loop feedback control system is presented in figure 4.

Fig. 4 - Simulation diagrams of the control system

In the fig. 5 are presented the transition processes of
the multiple-loop feedback control system for external
contour: @) — transition process in the external contour:
with P controller in the first internal contour (k,3=3.5)
and P controller in the second internal controller
(ky>=2.064): external contour with P controller
(k,1=0.3966) - curve I; with PI controller with optimal
parameters (J,,,=0.58, k,;=1.033, k;;= 0.5178) — curve
2; with PID controller with optimal parameters
(Jop=1.05, k,;=3.188, kyy= 1.327, kyy= 1.4662) — curve
3, optimization in Matlab - curves 4, b) — transition
process in the external contour with P controller in the
first internal contour (k,3=3.5) and PI controller in the
second internal controller (k,,=0.1977, k= 2.236):
external contour with P controller (k,;=0.00826) -
curve /; with PI controller with optimal parameters
(Jop:=0.35, k,;=0.095, ky;= 0.0488) — curve 2; with
PID controller with optimal parameters (J,,=0.35,
ky=0.1121, ky= 0.051, ky= 0.0238) — curve 3,
optimization in Matlab - curves 4, ¢) — transition
process in the external contour with PI controller in
the first internal contour (k,;=0.2, k;3= 5.202) and P
controller in the second internal controller
(k,2=0.00128): external contour with P controller
(k,;=11.39) - curve I; with PI controller with optimal
parameters (J,,=0.33, k,;=196.263, kj= 92.044) —
curve 2; with PID controller with optimal parameters
(Jop=051, ky;=497.546, kyy= 150.39, kg= 393.531) —
curve 3, optimization in Matlab - curves 4, d) —
transition process in the external contour with P/
controller in the first internal contour (k,;=0.2, k;=
5.202) and PI controller in the second internal
controller (k,,=0.5027, k;;= 0.3837): external contour
with P controller (k,;=0.41) - curve I; with PI
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controller with optimal parameters (J,,=0.22,
ky=0.1136, ky= 0.0385) — curve 2; with PID
controller ~ with optimal parameters  (J,,=0.1,

ky=0.138, ky= 0.028, k;=0.80209) — curve 3,
optimization in Matlab - curves 4.

In the fig. 6 are presented the pole zero maps for
follow case: @) when in the first and second internal
contour was tuning P controller and in the extetrnal
contour was tuning P — note /, PI — note 2, PID- note
3 controllers; ) when in the first internal contour was
tuning P controller, in the second internal contour was
tuning PI controller and in the extetrnal contour was
tuning P — note /, PI —note 2, PID- note 3 controlers;
¢) when in the first internal contour was tuning P/
controller, in the second internal contour was tuning P
controller and in the extetrnal contour was tuning P —
note /, PI — note 2, PID- note 3 controlers; d) when
in the first and second internal contour was tuning P/
controller and in the extetrnal contour was tuning P —
note /, PI —note 2, PID- note 3 controllers.

In the fig. 7 are presented the transition processes for
the cases when the parametres of object are varied: a)
when in the first, second internal contour was tuning P
controller and in the external contour was tuning PID
controller; ) when in the first internal contour was
tuning P controller, in the second internal contour was
tuning P/ controller and in the extetrnal contour was
tuning PID; c¢) when in the first internal contour was
tuning P/ controller, in the second internal contour was
tuning P controller and in the extetrnal contour was
tuning PID; d) when in the first internal contour was
tuning P/ controller, in the second internal contour was
tuning PI controller and in the extetrnal contour was
tuning PID. For these cases we have curve 1 — the
original curve; curves 2,3 -variation of 7;, 7>, T; with
+20%; curves 4,5 -variation of k;, k,, k; with £20%;
6,7 -variation of T}, T», T3 with +30%.

Analysing the obtained results we can mention from
fig. 5 a, b, ¢, d the following: tuning the P/ and PID
controller, using the maximal stability degree method
the controllers’ parameters get the optimal values.

CONCLUSIONS

As a results of obtained results after tuning the P, PI,

PID controller to the multiple-loop feedback control

system with object’s models (1), (2), (3) with known

parameters, the following conclusion can be made:

1. The tuning of P, PI controllers in the internal
contour in conformity with the maximal stability
degree method permittes to obtain the high results
varying the value of the J>0 and choosing the
parameters of the respectively controllers for obtain
the predefined performance of the internal contour.
For the PI controller it is obtained the optimal
values.

2. The tuning of P, PI, PID controllers in the
external contour using the maximal stability degree

method permittes to obtain the high results varying
the value of the J>0 and obtained the optimal value
and the suboptimal values of the J, and choosing the
set of the values of regulator’s parameters for obtain
the predefined performances.

¥t}

12f- B : b),
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Fig. 5 - Transition processes of the multiple-loop
feedback control system
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