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Abstract

Using the reviewed Riemann-Liouville fractional derivative we de-

fine the bundle OEk = Osc® (M) and highlight geometrical structures
with a geometrical character. Also, we introduce the fractional oscu-
lator Lagrange space of k order and the main structures on it. The
results are applied at the k order fractional prolongation of Lagrange,
Finsler and Riemann fractional structures.
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1 Introduction

It is known that the operators of integration and derivation have geo-
metrical and physical interpretations and they were used in the modelation
of problems from different domains. The use of reviewed Liouville-Riemann
integration and derivation operators lead to fractional integration and deriva-
tion. The geometrical and physical interpretation is suggested by the Stielt-
jes integral and it was done by I. Podlubny [7]. There is a vast bibliography
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which contains the properties of fractional integral and derivative and the
analysis of the processes which are modeled with their help [2], [5], [8].

A lot of models which use the fractional derivative are defined on an
open set in R™. In this paper we present the fractional derivative taking into
account the geometrical character, namely the behavior of associated objects
under a change of local chart.

The outline of this paper is as follows. In Section 2 we describe the
reviewed fractional derivative on R using [2], [5], the fractional osculator
bundle T%(M) on a differentiable manifold and the behavior of introduced
objects under a change of local chart. In Section 3, we define the fractional
osculator bundle of k order using the method presented by R. Miron in [6].
We introduce: the Liouvile fractional vector fields, the ak-fractional spray
and the fractional nonlinear connection. We prove that these objects have a
geometrical character. Our findings are analogous with R. Miron’s results for
the fractional case. In Section 4 we describe the fractional Euler-Lagrange
equations for fractional osculator Lagrange spaces of superior order. The
results are applied for the k-order fractional bundle prolongation of Lagrange,
Finsler and Riemann structures.

The main results from the present paper were used in [3] and [4] for
the study of some fractional geometrical structures and they will permit the
study of other structures of this type.

2 The fractional derivative on R. The frac-
tional osculator bundle on the differentiable
manifold.

2.1 The fractional derivative on R

Let f : [a,b] — R be a derivable function and o € R, o > 0. The
functions:

DEFO) = G [ = ) = s

D) = e (=) [ =" = pe)as



are called the left respectively the right Liouville Riemann fractional deriva-
tives of function f, where m € N* with m—1 < a < m and I' is Euler Gamma
function.

In general, the operators ,Df, ;D' do not satisfy semigroupal properties
with respect to the concatenation operation. Thus, we define the derivative
operators on the function spaces where the semigroupal properties hold.

The functions:

DL =g ()" (= () = (0)ds. 0 € (oot
1 d

*D?f(t):m(—£

™ /too(s—t)m_a_l(:z(s)—:z(()))ds, 0 € (t,)

are called the left, respectively the right fractional derivative of o order for
function f.

If supp(f) = C(a,b), then DY f(t) =, D f(t), *Di f(t) =¢ Dy f(2).
We define the seminorms:

ser) = 1D |2 ry» s = |"Di | 2(r)
|z [ D] |z " Di|
and the norms:
zllsery = (121 T2y + 21 5em)s  Nelloam) = (]2 + 125 x)s

where J¥(R), respectively Jg(R) denotes the closure of C§°(R) with respect

to || - [lse(r), respectively || - || ja(r)-
From the above definitions we have the following [2]:

Proposition 2.1. 1. Let I C R and J} (1), Ji (1) be the closure of Cg°(I)
in accordance with the respective norms. Then, for any f € Jgo(f), 0<a<
B, respectively for any f € ngo(l), 0 < a < f, the relation

D/ f(t) = Dy D/ f(t),
respectively, the relation
“DYf(t) =" Dy D] (1)

holds;



2. If ima,, = p € N*, then
lim (D" (1) = DL, lim (DF5(8) =" D' (2

5. (i) If f(t) = ¢, t € [a,b], then DEf(t) = 0,

y—a
(i) If f1(t) =17, t € [a,b], then D{ f1(t) = %;
4. If f1, fo are analytical functions on |a,b|, then:

o =3 (4 ) oo (4) wo,

k=0

pere (A Z 4, o4
where 7 Tul oy

5.

/fl )Df fo(t)dt = /fz "Dy fi(t)

6. If f : [a,b] — R is analytical and 0 € (a,b) then

F(O) =Y Ealt") D" f (1) =0,
h=0
00 tah
where E, is the Mittag-Leffler function, E,(t") = hgo m-

2.2 The fractional osculator bundle

Let o € (0,1) and M a n-dimensional differentiable manifold. The pa-
rameterized curves on M, ¢y, ¢y : I — M, with 0 € I, ¢;(0) = ¢2(0) € M have
a fractional contact « in zq if the relation

Di(f o er)li=o = D (f © c2)li=o (1)

holds, for all f € F(U) and =y € U, where U is a local chart on M.

Preceding equality (1) defines a relation of equivalence. The classes [c]3

are called the fractional osculator space in xy, which will be denoted by
Oscl?) (M) = T2 (M).



Let T*(M) = \J Tg (M) and 7® : T*(M) — M, given by 7%[c|§ =
roEM
xg. There is a differential structure on T*(M) and (T*(M), 7% M) is a
differentiable bundle space.
If U is a local chart on M with xp € U and ¢ : I — M is a curve given by
' =2a'(t), i =1..n, t € I, then []% is characterized by:

x0
tC\{

xl(t) = IZ(O) + m

D¢a'|i—g, tE€ (—¢,¢).

The coordinates of [c]2, on (7*)~H(U) C T2 (M) are (z',y"®)), where

1

D2 (t)]4—o, = 1..m.

From Proposition 2.1 and and the definition of T*(M) we have:

Proposition 2.2. 1. If0 < a < 8 then T (M) c T®)(M);
2. If lima, =1 then lim T (M) = T(M).
n—oo n—o0

Let (2'), i = 1..n be the coordinate functions on U and (dxz%);—;., be the

base of 1-forms D(U) and (ai) the base of the vector fields X(U).
T ) i=1.n

For f: U — R and « € (0,1), the fractional derivative with respect to z’ is
defined by:

Dgif(x) =

1 8 /xlf(xl”xl—1’87xﬁl77xn)_f(x1”xz_1’a7’7xz+l77:1/’”)
F(l—Oé) oxt i (xi_s)a

where Uy, = {z € U,a’ <2' <b,i=1.n} CU.
From (2) we have:

AVE
Proposition 2.3. 1. If fi = (z')7 then (D2 f})(z) = (?21 +1;(1_j;§z);
2. If f3 = @ e (D% f1)(x) = 67

' 2 I(l+a) @ 0
8. DY(DS f)(w) = DY(DS f)(x), i,j = 1.n.

5



We consider the functions (z%)* € F(U) and d(z")* = a(z")* 'dz’ €
DYU), © = 1.n. The fractional exterior derivative is the operator d® :
F(U) — DY(U) given by [1]:

d*f = d(«")* D (f)-
Let D% : DY(U) — DY(U) be the operator given by:

DE(ayde’) = 3 (%) o) (52) () 3)

k=0
From (3) and

(aii)k (dz”) = d(<£i)k () =0,k > 1

we obtain:
Dgi(ajda’) = D3 (aj)da’. (4)
Let d* : DY(U) — D*(U) be the operator given by:
d*(a;da?) = d(z")* A D% (a;da?). (5)

From (4) and (5) we can deduce:
d*(a;da?) = D% (a;)d(z")* A da? ©)
d®(bjd(a’)") = D3i(bj)d(z")™ A d(a?)".

Proposition 2.4. Let U, U, UNU # @ be two charts on M, x € UNU and
the change of local chart given by:

T =7'(2', ..., 2"), rang (gf]) =n. (7)

With respect to (7) the following relations:

d(a')* = Ji(z, 7)d(@)"
DS = J(x,x)D,
Ti(x,7) - Ji(T, x) = 8
ort 1

afj (fj)l—a )

Ti(x, @) = ()"



hold, where

% - 1 « 2\ o
Ji(@,T) = mDp(ﬁ )"

Let X*(U) be the module of the fractional vector fields generated by the
operators {D%},—1.,. A fractional field of vectors % € X%(U) has the form

a

X = )O(C'iDg‘i, where X* € F(U),i = 1..n. Under a change of local chart it
changes by X* = 3§(x,f)Xj.
The fractional differential equation associated to the fractional field of

vectors )Oé is:
Doai(t) = X'(x(t)), i = 1..n. (8)

The fractional differential equation (8) with initial conditions has solutions

[2].

3 The fractional osculator bundle of higher
order. (zeometrical structures.

3.1 The fractional k-osculator bundle, k£ > 1.

The parameterized curves on M, ¢1,¢o : [ — M, with 0 € I, ¢;(0) =
c2(0) = z9 € M have a fractional contact of k order in x if for any f € F(U),
the following relations:

DY (f ocy)li=o = Df(f o c2)|t=0, a = 1.k

hold, where zy € U and U is a local chart on M.

The classes ([c]3)a=1..,x are called the fractional osculator space of k order

ak
and they will be denoted by Osc¥(M) = E.,.

ak ak ak
We consider = |J FEg, and n§* : £ — M given by n¢*([c]2%)q=1.4 =
roEM
ak ak
7o. There is a differentiable structure on F and (E, 7§%, M) is a differentiable

bundle.



If U is a local chart on M with xp € U and ¢ : I — M is a curve given by
z' =a'(t), i =1.n, t € I, then a class ([c]2%),=1. is given by the curve:

tOéa

2(t) = 2'(0) + > me‘“xi(tﬂt:O, te(—¢e).

a=1

ak .
In (7§*)~}(U) C E, the coordinates of ([c]2%)q—1. ) are (z',y"®), i = 1..n,
a = 1..k, where
1

l’i = I'Z(O), yi(oca) = ml)galﬂ(t), 7= 1..7’L,CL = ].k‘

Proposition 3.1. Let U, U, UNU # 0 be two charts on M and

T =7 (a, ..., 2"), i = 1.n,det (gfy) #0 (9)

the coordinates transformation. The coordinates transformation on (mg*)~"
(UNU) are given by:

7@ = Ji (2, 7))
[(a(a—1)) 4

i(oa) (1 ai‘ —a(a—1) j(a) i (=a(a—1) , oy, j(2a)
O (1+a)J;(y ,2)y" Y + (o) i YY)y Y+
F(2OA> % (—ala—1) , aby, j(ab) F(OA(CL — 1)) i(aa)
+ ..+ (@) J5(y Ly )y L+ (o) Yy,
a=2.k b=2.k b<a,
(10)
where
J;(x,7) = DY (a")
‘]; (ya(a_l)v ya(b—l)) = D;j(a(bfl))yi(a(a_l))v a, b= ka b< a,

JH@Y z) = D) i =1..n.

From the deﬁnitiog of fractional osculator bundle we can deduce that if
lima, =1 then lim F = E = Osc®(M). The bundle space (E,r, M) was

n—oo n—oo

defined and studied in [6].



ak
3.2 Geometrical structures on F.

ak ah
Let %% : E — E, h < k, be the projections given by:
@,y ™) = (a5, ")

ak ah
and the operator d*7m% : X*(E) — X*(E):

ak

7Tozh(x Yy )

47 = T(1 + )(d ””D“+Zd ayeape, ), h <k,

ak ak
where X*(F) is the module of fractional vector fields on £ .
We consider V¥ = Kerd*r®F h = 0,1,...,k — 1 and its base given by
{D;‘i(a(kﬂ)), . D;‘i(ak)}, i = 1..n. From the definition of V% we get:

Volio1) C Vafi_g) C .. C VP C Vg*
d*mR (D) = D3, d*ml (D) = Dy, b= 1..h.

From Proposition 3.1 we obtain:

Proposition 3.2. Under the change of local chart (9), the operators DS,
DQZ(M), t=1..n, a =1..n, change by:

Z JJ 7, ) Daa) + Jj(l" z) D3,
(11)
z(aa) Z Jj ij(ab), a = ].k:

From Proposition 3.2 we can deduce that V2% has geometrical character.
The following fractional fields of vectors:

% Y’ o )Dgi(ak)
2a . I'2a) .
I = F(l + Oé) z(a)Dai(a(kil)) + ( >yl(2a) i (ak)
v () ! (12)
ak . I'(2a) Ilak-1) ;
_ i(a) Do z(2a fel S\ YT i(ak) Ho
T —Hl—i—oz)y Dy- F(Oz) D i2a) oo F(Oz) Yy yilak)



are called Liouville fractional fields of vectors.

From (10) and (11) the fields Oll“a, a = 1..k have geometrical character and
«a 2a ak
reVgh, T eVeh, .., T €Vl
ak ak ak
The operators J : X*(E) — X*(FE) with the properties:

ak ak ak
J(D3) = Dyjiays J(Djjicawy) = Diicatasny, @ = 1.k—=1, J(Djiary) = 0 (13)

is called ak fractional tangent structure.
From (11), (12) and (13) we have:

Proposition 3.3. ak-fractional tangent structure has the following proper-

ties: i
1. J has a geometrical character;
ak ak ak
2. rang(J) =kn, Jo..o J=0;
ak ak a(k-1) ak 2a a ok «
5. J(I)= T .., J(I)=T, JI) =0

ak ak
The fractional field of vectors § € X*(F) is called ak-fractional spray if
ak ak

ak ak
J(S)=T. From (12) and (13) we obtain the form of S:

I'(2ar)
()
F(alglza—) 1))yi(ak) © a1y — 1;((0;13)

ak .
S =T+ o)y @D +

yi(2a)D24i(a) + ...+
(14)
Gl(x7 y(a)v LA y(ak)) Z{i(ak) .

Proposition 3.4. The ak-fractional spray uniquely defines the fractional
differential equation given by:

1 a(k+1) i ; k
—D ! “(xz,Dfz,....T'(1 —1))Dy =0.
F(1+ak‘) t T (t)—l—G(ZIZ', tx> ) ( +Oé(]€ )) t I) 0

ak ak
Let N be the submodule of X*(E) so that:

ak
X*(E)l gty 0y = N @ VE*| (raty1 01

ok
The submodule N is called fractional nonlinear connection.

10



ak
We consider [** : X (U) — X(E)| (ramy-1 ) [*M(D%) = A%, i =1.n

where
k aa -
A% = D% =Y " N/Dyjitenr, i = L. (15)
a=1

From (11) and (15) we obtain:

AZF = (2, T) AL

aaq .

The functions (N7); j=1.na=1. are called the coefficients of fractional non-
linear connection.

ak
Let N be the vertical submodule given by:

ak ak ak

ak
No=N,Na=JN*) a=1.k—1, (16)

ak
where N is the submodule defined by fractional nonlinear connection.
From (16) we have:

ak ak ak
X (E)lrgty-1 (1) = No ® oo ® N1 © V6*| ety -1 1), U C M. (17)

In what follows we will use a base adapted to the decomposition (17).
Then:

A = T(A%), A~ T(A® ) a=2.k D%, i=1l.n
yz(k) — xi ) yi(aa) - yi(afl) ) — L.y y(a)7 — L0l

with

ak ak ak ak « ak
Axi € N(), Ayi(aa) € Na, a = 2]{? — 1, Dyi(a) - VO , 1= 1n

and
Ayi(a) = Dyi(a) - NiDyi(Qa) —..— N iDyj(ak)
ak o a(k—l)j o
Ayi(2a) - Dyi(Za) e T N iDyj(ak:) (18)
ak

a .
— o4 ] «
Ayi(a(kfl)) = Dyi(a(k—l)) - N; Dyj(ak:)-

11



The dual base of (18) is:

ak . . [ .
5y = d(y" )" + Sd(a)"

ak . . o . . 20 . .
5yz(2o¢) _ d(yz(2a))a + M;d(yz(a))a + M;d(l’])a (19>

ak . ak a(k=1) o o . a(k—1)

Mi;=N:+ Ny Ni+---+N, N}

j .

The functions J(W ;, a = 1..k are called dual coefficients of fractional nonlinear
connection.
From (14) and (19) we obtain:

ak .
Proposition 3.5. A ak-fractional spray , S, with the components G'(x,
Y@, ..,y @) determines a fractional nonlinear connection with the dual
coefficients given by:

o . .
M; = D;@'(Q)Gz

20 i _ F(a)
I T (2a)

ak a. a .«

(S(M}) + MiME)

ak,  T(a(k—1)) oégc a(]l\cjl)i o a(k—1)
 T(ak) 3 '

ak
We consider the adapted base given by (18) and the operator £ defined
by:

ak ak (ak), ak

LAag(ijwa)) = L ?Z-Ayhma)
ak ak (ab)h ak (20>
LAaik(ab) (ij(aa)> - Cj,l'Ayh(aa), o = O,l,...,k’ b: 1k,

12



. . (ak) ~ (ab)
where 3"} = 27, The coefficients ( L, b, O™ are called the fractional coef-

ficients of linear connection N.
A distinguished fractional tensor field of type (0, k) is given by the fol-
lowing expression:

ak ok ) ak . ak .
g = gioilnikd(ym((]))a X 5y“(°‘) K- & 6ylk(ak>,

where 5 y (@) q = 0.k are given by (19) and y*® =
The covarlant derivative with respect to fractlonal nonlinear connection

ak
N of ¢ is defined by:

ak (ak) ak

ak _ ak
Gigin.. dglm T A ym(0) (gzozl zk> — L zomgﬂl R
k ak
ak < ho ok
g (ab) — =A ym(ab) (gzgzl zk) - Czlmgzoh a0 Czkmgzg .h*

G0i1..dk | m

ak
A fractional metric structure on F is a fractional field of tensors of type

ak ak . . ak
(0,2), 9 = 9 d(z")*@d(27), with g,;(z,y'@, ...,y ), which is symmetric
and positively defined.

ak
The fractional Sasaki lift of g is the fractional field of tensors given by:

@ d(2))° @) g Gy

QL
Il
Qk
8
E:

; M»

gz]|m:O7 g ak :0

ij | m
hold, then the fractional linear connection (20) is called metrical.

ak
Proposition 3.6. On E there is a unique metrical fractional linear connec-

ak
tion N with respect to metrical structure G with the property:

(ak) (ak) (aa)i (aa)i
le_ Ll], le: Clj,azl..k.

13



)

(k) (ak).
The coefficients L %, C'% have the expressions:

(ak)i 1akis ak ak ak ak ak ak
(aa). lak. ak ak ak ak ak

ak
Chy= 5 9" (Ayiaa) 95t + Ayiton) 9 js — Aystanr 9 j1), @ = 1..k.

k
4 Lagrange space 02; Applications.

4.1 The fractional Euler-Lagrange equation.

A fractional Lagrangian of k order, k € N*, on the differentiable man-
ifold M, is a differentiable map L : aEk — R on aEk = {(z,y¥, ...,y ¢
Oﬁ, rang||y"®|| = 1}. Also, L is continuous in the points of % for which y*®)

is zero. Then,

@ a 1 ey @
gij(x>y( )a >y( k)) = §Dyi(a)Dyj(a)L

ak
is d-fractional field of tensors on F. The Lagrangian L is regular if rang(g;;) =
ak
non F.
Let c: ¢t € [0,1] — (2'(t)) € M be a parameterized curve so that I'mc C

. . ak ak .
U, where U is a chart on M. The extension of curve ¢ to F, K , 1s the following
differentiable map:

Citel0,1] — (@1),y' @), ...,y P @) e Oﬁ (21)

ak
The action of L along the curve ¢ is given by:

I = /0 L), v (), -y (1))t

Let c. : t € [0,1] — (2%(t,e)) € M be the family of curves so that
Ime. C U and c.(0) = ¢(0), y**(0) = y*®(1) = 0, @ = 1..k — 1, where ¢ is

a sufficiently small number in absolute value. The action on ¢, is:

ak

1 = / L(za(£), 4 (1), .y (1)),

14



A necessary condition for I(¢) to be an extreme fractional value for I(¢.) is:

DEI(E)]. = 0.
By direct calculus we obtain:

Proposition 4.1. The curve ¢ : t € [0,1] — (2'(t)) € M has the property
that the action I(ack) is an extreme value of I(%];) if (2°(t)), 1 = 1.n is a
solution of fractional Euler-Lagrange equation:

k
DAL+ (=1)"di* (DS l) =0, i=1.n (22)
a=1

where d®* =Y yi(ab)DZ‘i(a(b,l)), y' O =2' a=1.h.
b=1

A necessary condition for 1 (ack) to be an extreme value for / (%I;) is:
de 70T
Proposition 4.2. The curve ¢ : t € [0,1] — (z'(t)) € M has the property

ak «a .
that the action I1(c) is an extreme value of I(cf) if (2(t)), i = 1.n is a
solution of fractional Euler-Lagrange equation:

k

oL 0w, OL
o + Z(—l) d; (6yi(a“)) =0,i=1.n, (23)

a=1

h . . .

where d = yz(o‘“)Dz‘i(a(a,l)), y'0) = 27,
a=1

Example. We consider the fractional differential equation:

cI'(1+7)

T e, T (1420) 5% +aol (1430) g +asT (14+4a)y™ = 0. (24
F(1+~vy—a) a et et "y !

Equation (24) is the fractional Euler-Lagrange equation (22) for the fractional
Lagrange function:

C

= ————" ~a; T (142a)(y*)* +asl(14+3a) (y**)* —azD'(1+4a) ()"
1+7 -«

15



Equation (24) is the fractional Euler Lagrange equation (23) for the fractional
Lagrange function:

cI'(1+7) a1 M 2, G2 202
L= ==t = 2P 4 9a) ()2 + 211 4 30) (1) —
Tl+y-a)y—at1)" g L 20)(y") 5 T +30)(y™)

- %m + da) (52,

Along the curve ¢ we define the operators:

h
0 Z 1
7 - Dai _1 a——daa ai aa 5 ) = 1
E T _'_a:l( ) F(l"‘aa) t ( y( )) ? n
o h 1
i = — 1) ——d{"(D%wy), 1 =1..
oh — k 1 ok Mo .

which have the property:

0 ak
Proposition 4.3. The operators E;(L), ...,E;(L), i = 1..n, are d-fractional

ak
fields of covectors for any differentiable Lagrangian of order ak, I, along the

. ak
extension ¢ of curve c.

a ak
d-fields of covectors E;(L), ...,F;(L) are called Craig and Synge d-fractional

fields of covectors.
a(k—-1)
Proposition 4.4. 1. d-fractional field of covectors, E; (L), has the form:

a(k—1) k—1 1
E; (L) =(-1) I'l+a(k—1))

(Dyiats—1n L=T(Djicaten L) —gijy? D),

i=1.n, where T is given (12).
2. The system of fractional differential equations:

Ca(k—1)
g7 B ;(L)=0,i=1.mn

ak ak
determines a ak fractional spray S on the curve ¢, given by (21):
aki F(Oé)

G = F(l +ak)F(1 +a>gij[F(D;j(ak)L) - D;j(a(kfl))]v Zaj =1l.n.

16



4.2 The prolongation of Riemann, Finsler and Lagrange
fractional structures to fractional bundle of k or-
der.

The pair R = (M, 5) is called Riemann fractional structure, where M is

a differentiable manifold of n dimension and g = (521) is a fractional field of
tensors, which means that under a change of local chart on M, the system of

functions 5ij change by:

a Cltl Clth a

9i5(T) = Ji(T, ) J; (T, )9 ()
and 52-]- = .gji with (gw) is positively defined. The fractional Christofel sym-
bols vlij of § are:

« la a a o
’yi,j = igls(D?igsj + D3i9is — D3<9ij).

a ak ak
The prolongation of g to E is the fractional field of tensors ¢ with the

property:

ak «
(9 o™ (2, ', .,y “Y) = 9(x), Y(z,y, ...,y" ™) € (xg") 7 (U).

ak ak
Proposition 4.5. There are fractional nonlinear connections N on E which

are determined only by 5 One of them 1is:

07

2ai_r(a) @, Qs @i Yh
ak,  I'(a(k—1)) o ok-1), a . a(k-1)
Mj:M(r( M%)+ M, M.

(k)

For k£ = 1 the coefficients of fractional nonlinear connection KT on % are
M = W;hyh(o‘) and for k = 2 the coefficients are:

& i o) 29 i o I'() a i i a o
M=~y @, MY = 4,y 4 (D2 + Vs ™ yP2e).




The pair g'“ = (M, ]%) is called Finsler fractional structure, where M is a

differentiable manifold of dimension n, and ]% : % — M is called fundamental
a ok ak

fractional function. We consider the prolongation of F';, FF : F — R given
by:

ak «
(F o) (z,y'Y, ...,y ™) = p(z,y@)
and the prolongation of fundamental fractional tensor:

by (0% 1 (0% (6% o
Vi, y' @) = §Dyi<a)(Dyj<a)F2)
given by:
ak «a
(77«] © ng)(.flj" y(a)7 sy y(ak)) = 77,](357 ya>

Let ’?Z(m, y'®) be the Christoffel symbols of (’%j), given by:

o 1o o o o
T,y ) = S3 DRV + D Yis = D),
where (%) = (Y;,)~".

The coefficients of nonlinear fractional connection (fractional Cartan co-
efficients) are:

X 1 « i a), m(a
Gj = 5Py (V" @ y™ ).
. ' , ) , ak  ak
Proposition 4.6. There is a nonlinear fractional connection on | = EN{0} =

ak .
{(z,y @, ...,y)) € E,rang|ly"¥|| = 1} which only depends on the funda-

mental fractional function 1% of the fractional Finsler space. One of them has
the dual coefficients given by:




The pair Z = (M, E) is called Lagrange fractional structure, where E :
% — R.
«a ak
The prolongation of [, to E is defined by:

ak
(L o7& (2,5, ..,y @) = L(z,y®)

and the prolongation of fundamental tensor:

1
5Dy Dy, <a>L(~”C y @)

gij(xu y(a)) 5

ak
to F is:
ak a
(glj © ng)(x7y(a)7 7y(ak)> = glj(x7 y(a))

Considering the integral action I(¢ fo ),y (t))dt on a parame-
terized curve ¢, the fractional Euler—Lagrange equatlons (22) are:

y'%) = Gz, y'), i =1.mn

G (2, y™) = g"(Dliey DGy — DSuL), i = 1.m

The functions:

G;(x>y(a)) = D;j(&)Gi(x>y(a))> Za] =1.n (26)

are the first dual coefficients of fractional nonhnear connection N on E which

only depends on the fundamental function L of the Lagrange space L
We obtain the result:

ak
Proposition 4.7. There are nonlinear fractional connections on E which
only depend on the fundamental function I, of the Lagrange space L. One of
them has the dual coefficients (25), where G are given by (26).
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Conclusions.

The study conducted in this paper takes into account the geometrical

character of the introduced objects. In the case M = R, using the methods
from this paper, the information concerning fractional differential systems
which describe concrete processes was obtained in [3]. The results from the
present paper will permit the study of other geometrical objects which are
described with the help of the fractional derivative.
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