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Statement. Let a1, a2, a3, · · · ,, an be the lattice generators. And let T be any element (term)
of the lattice. The following takes place:

T ≥ a1 + a2 + · · ·+ ai−1 + ai+1 + · · ·+ an

or:
T ≥ ai, (i = 1, 2, 3, · · · , n).

The statement is proven through the method of mathematical induction in relation to the length of
element (term) T . (Elements of length 1 are, evidently, the lattice generators. Any other element
T of a length greater than 1 is presented as T = T1 + T2 or T = T1 · T2, where the lengths of T1

and T2 are less than the length of element T - this presentation is deployed within the application
of the method of mathematical induction.)
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It is demonstrated that there exist ternary Moufang loops that are different from ternary groups.
Let (K,+, ·, 1) be an associative ring (not necessary commutative) which has characteristic 3, i.e.,
x+ x+ x = 0 for all x ∈ K.
By K ′(·) we denote an abelian subgroup of the group K∗(·). Here K∗ = K\{0}. The map x→ s·x
for all x ∈ K is a permutation for any s ∈ K ′. Moreover, we require that s2 = 1 for all s ∈ K ′.
In particular case K = Z3 is a ring of residues modulo 3.
On the set Q = K ′ ×K = {< s, k > | s ∈ K ′, k ∈ K} we define the following ternary operation

A( < s1, x1 >,< s2, x2 >,< s3, x3 >) =< s1s2s3, s2x1 + s3x2 + s1x3 > (1)

for all s1, s2, s3 ∈ K ′, x1, x2, x3 ∈ K.
Algebra Q(A) with operation defined on the set Q = K ′ × K by the formula (1) is a ternary
non-commutative Moufang loop that is not a ternary group.
Example of ternary commutative Moufang loop that is not a ternary group is also constructed.
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Let L be the class of locally compact abelian groups. For X ∈ L, we denote by t(X) the
torsion subgroup of X and by E(X) the ring of continuous endomorphisms of X, taken with the
compact-open topology. If X is topologically torsion, then S(X) stands for the set of primes p
such that the corresponding topological p-primary component of X is non-zero. Given a positive
integer n, we set nX = {nx | x ∈ X} and X[n] = {x ∈ X | nx = 0}.
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Theorem 1. Let n be a positive integer, and let X be a group in L such that nX is densely
divisible and t(X) = X[n]. If E(X) has no more than two non-trivial closed ideals, then X is either
topologically torsion or topologically isomorphic with the topological direct product of a topologically
torsion group by a group of the form Rd, Q(µ), or (Q∗)µ, where d is a positive integer and µ is
a non-zero cardinal

Theorem 2. Let X be a group in L such that E(X) has no more than two non-trivial closed
ideals. If X is topologically torsion, then |S(X)| ≤ 2. If X is topologically isomorphic with a group
of the form S × T, where T is topologically torsion and S is either Rd for some positive integer d,
or Q(µ) or (Q∗)µ for some non-zero cardinal number µ, then |S(X)| ≤ 1.
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We consider the simplest non-trivial extension of the propositional provability logic, denoted
by G4, which is based on variables and logical connectives &,∨,⊃,¬,∆, axioms of the classical
logic of propositions and ∆-axioms:

∆(p ⊃ q) ⊃ (∆p ⊃ ∆q), ∆p ⊃ ∆∆p,

∆(∆p ⊃ p) ⊃ ∆p, ∆(p ⊃ p) ⊃ (p ⊃ p).

∆∆p, (�p ⊃ �q) ∨ (�q ⊃ �p),

where�p denotes (p&∆p). Rules of inference ofG4 are the rules of the classical logic of propositions
and the rule A

∆A .
They say formula F is weak-expressible by formulas of the system Σ in the logic L if F can be
obtained from unary formulas of L and from formulas of Σ by applying the rule of weak substitution
(which allows to pass from the formulas A and B to the result of the substitution of one of them in
another one instead of all occurrences of the same variable, say p) and by the rule of replacement
by an equivalent formula (which permit to pass from the formula A to an equivalent to it in L
formula B).
They say the system of formulas Σ is complete with respect to weak-expressibility in the logic L if
any formula of the calculus of L is weak-expressible via Σ in L.
In the present paper we found out the conditions for a system of formulas Σ to be complete as to
weak-expressibility in the logic G4. Acknowledgement. The work was partially supported by
the research projects 18.50.07.10A/PS and 15.817.06.13A.


