
CAIM 2018, Chişinău, September 20–23, 2018 19

Viscosity solutions for functional parabolic PDEs with Neumann
nonlinear boundary conditions. A stochastic approach via BSDEs with

time–delayed generators
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We provide a probabilistic representation of a viscosity solution for the path dependent nonlin-
ear Kolmogorov equation with Neumann nonlinear boundary conditions:

−∂u
∂t

(t, φ)− Lu(t, φ)− f(t, φ, u(t, φ), ∂xu(t, φ)σ(t, φ), (u(·, φ))t) = 0,

t ∈ [0, T ), φ ∈ C([0, T ]; Int (G)),

u(T, φ) = h(φ), φ ∈ C([0, T ]; Ḡ),

∂u

∂n
(t, φ) = g(t, φ, u(t, φ), (u(·, φ))t) = 0,

t ∈ [0, T ], φ ∈ C([0, T ]; Fr (G)),

(1)

where G is a C2 convex, open and bounded subset of Rd , L is a second order differential operator
and

(u(·, φ))t := (u(t+ θ, φ))θ∈[−δ,0] .

We show that the functional u : [0, T ]×C([0, T ]; Ḡ)→ R, u(t, φ) := Y t,φ(t), is a viscosity solution for
(1), where (Y t,φ, Zt,φ) is the unique solution of a certain backward stochastic differential equation
(BSDE for short) with time delayed-generators.
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The paper concerns with the error analysis of two time-stepping schemes used in the discretiza-
tion of the phase-field transition system with a classical regular potential (Caginalp’s model) and
Neumann boundary conditions. Using energy methods, we establish L∞ error estimates for the
implicit Euler and a fractional steps method. A numerical experiment validates the theoretical
results (see [1]), comparing the accuracy of the methods (see [2], [3]).
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The evolution equations modeling many process that appear in physique, ecologies, hydrogeol-
ogy, finance etc. For example, the mathematical model of the problem to transport any substance
in atmosphere, because of the diffusion and advection factors, presents an evolution equation.The
classical model of this problem use the derivatives of entire order for unknown function [1]. In
recent years many authors use the partial derivatives of fractional order by the space variables to
modeling such process.
In this article is considered the same problem with two space variables of the form

∂ϕ

∂t
− d+(x)

∂αϕ

∂+xα
− d−(x)

∂αϕ

∂−xα
− d+(y)

∂αϕ

∂+yα
− d−(y)

∂αϕ

∂−yα
= f(x, y, t),

ϕ(x, y, 0) = s(x, y), (1)

ϕ(x, y, t) = 0 on the ∂D,

in the domain D = [0, a]× [0, b] with the boundary ∂D and the time interval [0, T ], where 1 < α ≤
2, 0 < x < a, 0 < y < b, 0 ≤ t ≤ T, d+(x) ≥ 0, d−(x) ≥ 0. The left-hand (+) and the right-hand
(-) fractional derivatives of order α in (1) are defined by Riemann-Liouville formulas and will be
approximated using the Grunwald formulas [2].The first order time derivative is discretized by the
central finite differences. The obtained approximate scheme, with some adequate suppositions,
verify the conditions of stability and convergence.
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