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We analyze the global stability of the coexisting equilibria for several models of commensal-
ism, first by devising a procedure to modify several Lyapunov functionals which were introduced
earlier for corresponding models of mutualism, further confirming their usefulness. It is seen that
commensalism promotes global stability, in connection with higher order self-limiting terms which
prevent unboundedness. We then use the theory of asymptotically autonomous systems to prove
global stability results for models of commensalism which are subject to Allee effects, finding that
commensalisms of appropriate strength can overcome the influence of strong Allee effects.
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In [1] the center-affine invariant conditions of stability of unperturbed motion, described by
critical two-dimensional differential systems with quadratic nonlinearities s(1, 2), cubic nonlinear-
ities s(1, 3) and fourth-order nonlinearities s(1, 4), were obtained.
We consider the two-dimensional cubic differential system s(1, 2, 3) of perturbed motion of the
form

ẋj = ajαx
α + ajαβx

αxβ + ajαβγx
αxβxγ ≡

3∑
i=1

P ji , (j, α, β, γ = 1, 2), (1)

where coefficients ajαβ and ajαβγ are symmetric tensors in lower indices in which the total convolu-
tion is done. Coefficients and variables in (1) are given over the field of real numbers.
Let ϕ and ψ be homogeneous comitants of degree ρ1 and ρ2 respectively of the phase variables
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x = x1 and y = x2 of a two-dimensional polynomial differential system. Then by [2] the transvec-
tant

(ϕ,ψ)
(j)

=
(ρ1 − j)(ρ2 − j)

ρ1!ρ1!

j∑
i=0

(−1)j
(
j
i

)
∂jϕ

∂xj−i∂yi
∂jψ

∂xi∂yj−i
(2)

is also a comitant for this system.
In the works of Iurie Calin, see for example [3], it is shown that by means of the transvectant (2)
all generators of the Sibirsky algebras of comitants and invariants for any system of type (1) can
be constructed.
According to [3], we write the following comitants of the system (1):

Ri = P 1
i x

2 − P 2
i x

1, Si =
1

i

(
∂P 1

i

∂x1
+
∂P 2

i

∂x2

)
, i = 1, 2, 3. (3)

Later on, we will need the following comitants and invariants of system (1), built by operations
(2) and (3), presented by Iurie Calin:

I1 = S1, I2 = (R1, R1)
(2)
, I3 =

(
(R3, R1)

(2)
, R1

)(2)

, I4 = (S3, R1)
(2)
,

K2 = R1, K5 = S2, K8 = R3, K9 = (R3, R1)
(1)
, K10 = (R3, R1)

(2)
,

K11 =
(

(R3, R1)
(2)
, R1

)(1)

, K14 = (S2, R1)
(1)
, K15 = S3, K16 = (S3, R1)

(1)
.

Let for system (1) the invariant conditions I2
1 − I2 = 0, I1 < 0 are hold. Then the system (1)

becomes critical system of Lyapunov type [1].
Let for system (1) the invariant condition R2 ≡ 0 is hold. Then the quadratic part of this system
takes the Darboux form: P 1

2 = x1(a1
11x

1 + 2a1
12x

2), P 2
2 = x2(a1

11x
1 + 2a1

12x
2).

Theorem. Let for system of perturbed motion (1) the invariant conditions I2
1 − I2 = 0, I1 < 0

and R2 ≡ 0 be satisfied. Then the stability of the unperturbed motion is described by one of the
following twelve possible cases:

I. N1 6≡ 0, then the unperturbed motion is unstable;

II. N1 ≡ 0, N2 > 0, then the unperturbed motion is stable;

III. N1 ≡ 0, N2 < 0, then the unperturbed motion is unstable;

IV. N1 ≡ N2 ≡ 0, K5N3 6≡ 0, then the unperturbed motion is unstable;

V. N1 ≡ N2 ≡ K5 ≡ 0, N3N4 > 0, then the unperturbed motion is unstable;

VI. N1 ≡ N2 ≡ K5 ≡ 0, N3N4 < 0, then the unperturbed motion is stable;

VII. N1 ≡ N2 ≡ N4 ≡ K5 ≡ 0, N3 6≡ 0, N5 > 0, then the unperturbed motion is stable;

VIII. N1 ≡ N2 ≡ N4 ≡ K5 ≡ 0, N3 6≡ 0, N5 < 0, then the unperturbed motion is unstable;

IX. N1 ≡ N2 ≡ N4 ≡ K5 ≡ 0, SN3 > 0, then the unperturbed motion is unstable;

X. N1 ≡ N2 ≡ N4 ≡ K5 ≡ 0, SN3 < 0, then the unperturbed motion is stable;

XI. N1 ≡ N2 ≡ 0, N3 ≡ 0, then the unperturbed motion is stable;

XII. N1 ≡ N2 ≡ N4 ≡ N5 ≡ K5 ≡ S ≡ 0, then the unperturbed motion is stable;
where N1 = 2K14 − I1K5, N2 = 2I2

1K10 − 4I1K11 − 3I1I2K15 − 3I2
1K16 + 4I3K2 + 3I1I4K2,

N3 = −12I1K10K2 +8K11K2 +3I2
1K15K2−6I1K16K2 +6I4K

2
2−4I3

1K8 +8I2
1K9, N4 = 2I3 +I1I4,

N5 = 2K10 + I1K15 −K16, S = 3K15K2 − 2I1K8 − 4K9.

In the last two cases the unperturbed motion belongs to some continuous series of stabilized
motions, and all motions, which are sufficiently close to unperturbed motion, will be stable. In this
case for sufficiently small perturbations any perturbed motion will asymptotically approach to one
of the stabilized motions of the mentioned series.
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We consider the real cubic differential system{
ẋ = P0 + P1(x, y) + P2(x, y) + P3(x, y) ≡ P (x, y),
ẏ = Q0 +Q1(x, y) +Q2(x, y) +Q3(x, y) ≡ Q(x, y), gcd(P,Q) = 1,

(1)

and the vector field X = P (x, y) ∂
∂x +Q(x, y) ∂∂y associated to system (1).

A straight line l ≡ αx + βy + γ = 0, α, β, γ ∈ C is invariant for (1) if there exists a polynomial
Kl ∈ C[x, y], deg(Kl) ≤ 2 such that the identity

αP (x, y) + βQ(x, y) ≡ (αx+ βy + γ)Kl(x, y), (x, y) ∈ R2 (2)

holds. The polynomial Kl(x, y) is called cofactor of the invariant straight line l. If m is the greatest
natural number such that lm divides X(l) then we say that l has parallel multiplicity m. By present
a great number of works have been dedicated to the investigation of polynomial differential systems
with invariant straight lines.
The classification of all cubic systems with the maximum number of invariant straight lines, in-
cluding the line at infinity, and taking into account their geometric multiplicities, is given in [1],
[4], [5].
The cubic systems with exactly eight and exactly seven distinct affine invariant straight lines have
been studied in [4], [5]; with invariant straight lines of total geometric (parallel) multiplicity eight
(seven) - in [2], [3], [8], and with six real invariant straight lines along two (three) directions - in
[6], [7]. In [9] it was shown that in the class of cubic differential systems the maximal multiplicity
of an affine real straight line is seven.
In this paper are obtained canonical forms for cubic differential systems with affine real invariant
straight lines of total parallel multiplicity six and configurations

(
2(m), 2(n), 1, 1

)
. It was proved

Theorem. Assume that a cubic system (1) possesses affine real invariant straight lines of total
parallel multiplicity six and of four distinct directions. At least two of these lines are multiplicity
one. Then via an affine transformation and time rescaling this system can be brought to one of the
three systems:

1)

 ẋ = x(x+ 1)(a+ bx+ y),
ẏ = y(y + 1)

(
a+ (a+ b)x+ (1− a)y

)
,

ab(a+ b)(2a− b− 1) 6= 0, (a− 1)(b− a+ 1) < 0, a, b ∈ R,


