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Abstract. Center-affine invariant conditions of the stability of unperturbed motion
were determined for differential systems in the plane with polynomial nonlinearities
in non-critical cases and for differential systems in the plane with polynomial nonlin-
earities up to the fourth degree inclusive in critical cases.
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Introduction

Problems which require a general formulation of stability not only of equilibrium
but also of motion arose in science and technics in the middle of XIX-th century.

Lyapunov (1857-1918) published his PhD thesis concerning the stability of mo-
tion in 1892, and it was translated into French and published in France in 1907.
According to the French version, this work was reprinted in Russian, with some
additions, in his collection of works [1] in 1956. The mentioned work contains many
fruitful ideas and results of great importance. All the history related to the the-
ory on stability of motion is considered to be divided into periods before and after
Lyapunov.

First of all, A.M. Lyapunov gave a strict definition of the stability of motion,
which was so successful that all scientists took it as fundamental one for their re-
searches.

A lot of papers were written in the field of stability of motion. The universal
scientific literature concerning the stability of motion contains thousands of papers,
including hundreds of monographs and textbooks of many authors. This literature
is rich in the development of this theory, as well as in its applications in practice.

Note that many problems on stability treated in these works are governed by
two-dimensional (or multidimensional) autonomous polynomial differential systems.
Methods of the theory of invariants for such systems were elaborated in the school
of differential equations from Chigindu. Moreover, the theory of Lie algebras and
Sibirsky graded algebras with applications in the qualitative theory of these equa-
tions [2-7] there were developed.

The stability of unperturbed motions using the theory of algebras, of invariants
and of Lie algebras was studied for the first time in [8]. In this paper, the similar
investigations are done for two-dimensional differential systems with polynomial
nonlinearities.
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1 Definition of stability of unperturbed motion and of critical
system

We consider the two-dimensional differential system with polynomial nonlinear-
ities of perturbed motion (see, for example, [1] or [9]) of the form

; l

dxz? . . .

dt = a&:na + Za£1a2...ami$al$a2 O e (],Oé,Oél, sy Oy = 17 2al < 00)7 (1)
=1

where aélaz,,,aw is a symmetric tensor in lower indices in which the total convolution
is done and I' = {my, ma,...,my} (m; > 2) is a finite set of distinct natural numbers.
Coefficients and variables in (1) are given over the field of real numbers R.

The system of the first approximation ([1], [9])

J .
ddit =alz® (j,a=1,2) (2)
plays an important role in studying differential systems (1). As it follows from [1]
(or [9]), to unperturbed motion of system (1) the zero values of variables x7(t)
(j = 1,2) correspond. Taking into account this fact, we have the following definition
of stability by Lyapunov [9]:

If for any small positive value €, however small, one can find a positive number
§ such that for all perturbations 7 (to) satisfying the condition

(a7 (t0))* < 6, 3)

2
=1

J
the inequality

(a7 (1) <e

2
=1

J

is valid for any t > to, then the unperturbed motion 7 = 0 (j = 1,2) is called stable,
otherwise it is called unstable.

If the unperturbed motion is stable and the number § can be found however
small such that for any perturbed motions satisfying (3) the condition

2
lim Y (27(t))? =0,
t—o0 sl
is valid, then the unperturbed motion is called asymptotically stable.
Inspired by the work [1] we have

Definition 1. The differential system (1) with polynomial nonlinearities will be
called a critical system of Lyapunov type if the characteristic equation of the system
of the first approximation (2) has one zero root and all other roots have negative real
parts. When the real parts of the roots of the characteristic equation are different
from zero, the system (1) will be called non-critical.
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First, we will examine the non-critical case.

Lemma 1. The characteristic equation of system (1) and (2) is
0*+ Lis0+ Laa =0, (4)

where the coefficients in (4) are center-affine invariants [2] and have the form

1
Lio=—-1, Lgp= 5(112 —I3) (5)
with
Il = ag, 12 = a%ag. (6)
By means of the Lyapunov theorems on stability of unperturbed motion in the
first approximation (2), the Hurwitz theorem on the signs of the roots of an algebraic
equation (see, for example, [9]) and using Lemma 1 we have

Theorem 1. Assume that the center-affine invariants (5) of system (1) satisfy the
inequalities L1 > 0, Loo > 0. Then the unperturbed motion ! = 2% = 0 of this
system is asymptotically stable.

Theorem 2. If at least one of the center-affine invariant expressions (5) of system
(1) is negative, then the unperturbed motion x' = 2% = 0 of this system is unstable.

2 Canonical form of a critical system of Lyapunov type

Remark 1. In the following, we will study critical systems of Lyapunov type in the
first case, and such systems will be called critical systems or critical systems of
Lyapunov type.

Lemma 2. The characteristic equation of system (2) (and therefore of system (1))
has one zero root and the other ones real and negative if and only if the following
mwvariant conditions

IP—1,=0, I; <0 (7)
hold, where Iy and I are from (6).
The proof of Lemma 2 follows from the fact that the characteristic equation of

system (2) and therefore of (1) has the form (4)—(5).
From [1] it follows

Lemma 3. Let for system (2) (for (1)) the invariant conditions (7) hold. Then the
system (2) by a center-affine transformation can be brought to the form
da? da?

_ = _ = 2 . = 8
o 0, o = ot (a=1,2) (8)
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and, therefore, the system (1) can be written in the form

l

da!

1 ai .o Qm,,
o= Uoy ..., © gt gt

i=1
9
dz? 2 : 2 — ?)
(0% (0% (0% Om; .

— = Gal + E Ty cug.ccvm, B2 M (a1, am, =1,2; 1 < 00).

i=1

Remark 2. The system (9) is called the canonical form of a critical system of Lya-
punov type (1), where the first equation from (9) is called the critical equation and
the second one — the non-critical equation.

For the case examined in this paper the Lyapunov’s Theorem [1, §32] can be
written in the following form:

Theorem 3. Let the characteristic equation of the matriz of linear part of differen-
tial system with polynomial nonlinearities have one zero root and other roots have
negative real parts. Assume that the differential system of the perturbed motion (1)
was brought to the form (9) and consider the equation

l
aZz® + E a?xlaz___amixo‘lmaz coz®mio =0 (a1, 09,000, = 1,2; 1 < 00) (10)
i=1

from which we determine the variable x> as a holomorphic function of the variable
x!, vanishing for x' = 0 (such determination of 2 is always possible and is unique).

Substitute the determined values into the polynomial
Zaéla%.am,xalx‘l? ezt (o, .00, = 1,25 1< 00).

If the obtained result is not identically zero, then we can develop it in an increas-
ing powers series of x'. When the lowest power of ' in this development is even,
then the unperturbed motion is unstable. When the lowest power of x' is odd, then
the unperturbed motion depends on the sign of the coefficient of z'. The unperturbed
motion will be unstable when this coefficient is positive and will be stable when the
coefficient is megative. In the last case, any perturbed motion that corresponds to
small enough perturbation will approach asymptotically the unperturbed motion.

If the obtained result is identically zero, then there exists a continuous series
of stabilized motions to which the examined unperturbed motion belongs. All the
motions of this series, close enough to the unperturbed motions, including the last
one, will be stable. In this case, for small enough perturbations, any perturbed motion
will tend asymptotically to one of the stabilized motions of the mention series.
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3 Center-affine invariant conditions of stability of unperturbed
motion for the system with quadratic nonlinearities

We examine the differential system with quadratic nonlinearities

aziit] =alz® + ai{ﬁxo‘xﬁ (Jya, B =1,2), (11)
where aiﬁ is a symmetric tensor in lower indices in which the total convolution is
done.

It was shown in [4] that the set of unimodular comitants and invariants of the
system (1) consists of some graded algebras, which in [7] were called the Sibirsky
algebras. For system (11) these algebras were denoted in [4] by Si2 — the Sibirsky
algebras of comitants and SI; 2 — the Sibirsky algebras of invariants.

It was shown in [4] that the set of generators of these algebras (which is fi-
nite) consists of polynomial bases of the homogeneous center-affine comitants and
invariants.

Based on this and on the polynomial bases of the center-affine comitants and
invariants of system (11) given in [2], we can write the Sibirsky algebra in the form

Sio=<1Ii,1s,..., I, K1,Ko,..., K| f1, fo,..., for >
and

SII,2 =< 117[27--->116|f17f27"'af9 >,

where I, and K are the invariants and the comitants of these algebras, and f; are
their syzygies.

Later on, we will use the following generators of the Sibirsky algebras of system
(11), for which their tensorial forms from [2] are written as follows:

I =a), Ix= a%ag, Is = a%a? a) eP1, Ky = agﬁxﬁ, Ky = abx®ziep,,

P9 ap
Ks = a%agyxv, K, = a‘;‘agﬁzﬁ, K5 = agﬁxo‘xﬁznqepq, K; = a%7a§5x7$6, .
Kg = a,‘;‘a?alﬁzné, K = agagyxﬁ$7$q€pq, Ko = agag,ya:{ua:é:n“, (12)
Ki3= af‘/agﬁa:{uznézn“,
where P9(g,,) is the unit bivector with coordinates e!! = 22 = 0,e!?2 = —?! =

1 (e11 = €22 = 0,612 = —e21 = 1).
Suppose the system (11) is critical of Lyapunov type. Then by Lemma 3 it can
be brought to the canonical form (9)
dx! da?
% = aégiﬂaxﬁa % =a’z® + aiﬁznaxﬁ (o, 6 =1,2). (13)
According to Theorem 3, we examine the equation (10) provided by non-critical
equation of (13), which in the expanded form looks as

adzt + a3z? + a3 (zh)? + 20,2 2 + a3y (2?)% = 0. (14)
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In this case, under the conditions (5)—(6) and the inequality from (7) we have

I} =a3 < 0. (15)
Then from (14) we can write
2 _ _a_ixl _ a_il(xl)2 _ 20529613;2 _ a_%(xz)g (16)
a3 a3 a3 as

By Theorem 3, we seek 22 as a holomorphic function of 2'. Then we can write

2? = ——a' + Ba(a')® + Bs(¢')’ + Ba(a')' + - (17)

2 2
a a a 2a a
—;l‘l —|—Bg($1)2+33(3§1)3—|— __; 1 %( 1)2 _ ;2 1[__%3;1_‘_
ajz ajz ajz ajz as
2
a a
+Ba(a)? + By(a')’ + -] = R [gal 4 By(a')* + By(a!)? + )7
2 2
This implies that
2 2 2 2\2 2
a 2a5a as)“a
BQ($1)2 —|—Bg($l)3 —I—B4(l‘1)4 4= [_% + 12 22 _ ( 1)2 322](3:1)2_1_
a3 (a3) (a3)
20%2 2‘1%‘1%2 1,3 2‘1%2 a§2 2 a%a% 1\4
+[-—==By + Bol(z')’ 4+ [-—5£Bs — =% B3 + 2 Bs](x')* + - --
a3 (a3)? a3 a3 ? " " (ad)?
and we obtain
1 2
By = —— [—(a3)?al, + 2a3a3a3, — (a)?a3,], Bs = TQ(—agaﬂ + afa3y)Ba,
(a’2) (a’2) (18)
1
By = W[—a%aSQBg + 2(a§a§2 — a%aﬂ)Bg], .
2

Substituting (17) into the right-hand side of the critical differential equation (13)
we have

0&1(3:1)2 + 20&2951962 + a%z(ﬁ)z = Ag(x1)2 + Ag(azl)?’ + A4(a:1)4 + .-

or in the expanded form we get

2
ah(0)? + 2al0! - STl + By(e!)? 4+ Ba(a')’ + -+
2

2

a
tagpl-5at + By(a)? 4 By(a')? 4 - ]F = Ap(2)? 4 Ag(2h) + Al -

2
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This implies that

1
Az = 5 (a3)%at; — 2atajag, + (af)?az),
(a3)
2 2 1 2 1 2 2 1 2.1 1 p2 (19)
Ag = g(%alz —ajayn)Bs, Ay = ?(%alz —ajay)Bs +aynb;, ...
5 2

By Theorem 3, to determine the stability of the unperturbed motion described
by system (13), it is necessary to study the expressions (19).
Let us introduce the following notations

P = (a3)%ai; — 2ajazais + (af)’ap, Q= (a))°al; - 2aiasaly + (a})azy,
R= (6} el — ()Pl § = adal — adol .
and take into account that according to (15) we have a2 < 0.

Next, we observe that the stability of the unperturbed motion can occur when
As=0 from (19), i.e. when P = 0 from (20).

Assume in (18) that By = 0, then (20) yields @ = 0. This implies that all
B3, By, ... are equal to zero. From this it follows that all the coefficients Ag, A4, ...
vanish and therefore the stability of the unperturbed motion holds.

Suppose By # 0. If S # 0, then the stability of the unperturbed motion is
determined by the sign of Az from (19). If in (20) S = 0, then A3 = 0 and the
coefficient A4 from (19) is non-zero if a3, # 0. Therefore, the stability is possible
only if aly = 0. Observe that when S = P = 0 in (20), then R = 0. Hence, when
ady = 0 the last two equations in (20) yield ai; = aiy, = 0.

Taking into account the inequality (15) and Theorem 3, we obtain the follow-

ing results for stability of the unperturbed motion determined by the system of
perturbed motion (13).

Lemma 4. The stability of the unperturbed motion described by system (13) under
conditions (7) is characterized by one of the following siz possible cases:

1. P # 0, then the unperturbed motion is unstable;

II. P=0,QS8 > 0, then the unperturbed motion is unstable;

III. P =0,0QS5 < 0, then the unperturbed motion is stable;

1IV. R=5=0, a%QQ £ 0, then the unperturbed motion is unstable;

V. P=Q =0, then the unperturbed motion is stable;

VI al; = aly = al, = 0, then the unperturbed motion is stable.

In the last two cases the unperturbed motion belongs to some continuous series

of stabilized motions, moreover, it is also asymptotically stable [10] in Case III. The
expressions P,Q, R, S are given in (20).

Later on, we make use of the following expressions of the invariants and comitants
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of system (11) given in (12):

Ey =K, — I(K3 + K,) + Kg,
By = B(K? — Ky) + 213 (K1 Ky — 2K K3 — K13) + 211 (I; Ko + 2K2 — K3)+
+4K3(Ky — K3) + 21K 15, Ez =LK, + I, (K, — K3) — K,
Ey= 11 (K11 — K1Ko) + Ko (Ky — K3), E5 =K — L1 K.

(21)

Lemma 5. Suppose the first equality from (7) holds. Then the system (11) by a
center-affine transformation can be brought to the form
dz* dz? 2 o

a0 @ te? + aiﬁxaxﬁ (o, 6=1,2) (22)

if and only if the following condition
E5 =0, (23)
holds, where Es is from (21).
Proof. Suppose the first relation from (7) holds. This allows us to write for (11)
al =ra?, a)=ra. (24)

Denote by A;; the minors of matrix of the coefficients from the right-hand sides
of system (11), where ¢ and j represent the number of columns of this matrix on
which the minors are built. Then

Es = Alg(ﬂj‘l)g + (Agg + 2A14)(l‘1)2$2 + (A15 + 2A24)l‘1(33‘2)2 + A25(JE2)3.
By means of this expressions and of conditions (23)—(24) we have
ajy =rafy, ajp =rdly, azy =raj. (25)

Taking into account (24) and (25), the center-affine transformation z! = ! —
2

rz?, 72 = 22 brings the system (11) to the form (15). Lemma 5 is proved. O
Theorem 4. Let for differential system of the perturbed motion (11) the invariant
conditions (7) be satisfied. Then the stability of the unperturbed motion in system
(11) is described by one of the following siz possible cases:

1. Ey # 0, then the unperturbed motion is unstable;

1. E1 =0, Ey >0, then the unperturbed motion is unstable;

III. By =0, E3 <0, then the unperturbed motion is stable;

IV. E3 =0, E F5 £ 0, then the unperturbed motion is unstable;

V. E4 = 0, then the unperturbed motion is stable;

VI. E5 =0, then the unperturbed motion is stable.

In the last two cases the unperturbed motion belongs to some continuous series
of stabilized motions, and moreover, it is also asymptotically stable in Case III. The
expressions E; (i = 1,5) are given in (21).
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Proof. Observe that expressions (21), for system (13) under condition (15), are
expressed by (20) as follows:

Ey = Pz, By =4S[Q(z)? — Px'2?),

26
B3 = Ra' — 2d382?, By = —Q(a')® + P(a!)%22 (26)

Setting E3 = 0, then by means of the polynomials R and S from (20), we get for
2
Es5 from (21) the expression E5 = —a%a%Q(Z—%xl + 22)3.
2
Using the last assertion, the expressions (22) and Lemmas 4 and 5, we get the
Cases I-VI. We mention that the comitant E5 from (21) is even with respect to 2!
and z? and has the weight equal to zero [2] in the Cases II and III. This ensures
that any center-affine transformation cannot change the sign of Fy. Theorem 4 is
proved. U

Remark 3. From Theorem 4, the conditions for Lyapunov’s Example 2 [1, §32] are
obtained setting a} = a} = 0, af =k, ¢} = -1, al; = a,a}, = $b, aly = ¢,

2 7 2 _ 1 2 _ 1_ 2 _
ai; =1, ajy = 5m, a3y =n and x* =x, ° =y.

4 Critical system of Lyapunov type with cubic nonlinearities

Let the differential system of perturbed motion with polynomial nonlinearities
of the form p
x
a =cx+dy+ px?’ + 3qx2y + 37":L"y2 + sy?’,
(27)

d
d—z =ex + fy + ta® + 3uz?y + 3vzy® + wy?

where ¢, d, e, f,p,q,7,8,t,u,v,w are arbitrary real coefficients.

Similar to the previous case, when the characteristic equation of (27) has one
zero root and the other one is negative, i.e. the conditions (7) are satisfied, then
system (27) by a center-affine transformation can be brought to its critical form

dx
— = px?’ + 3q:1:2y + 37":L"y2 + sy3,

dt
" (29)

I ex + fy+ ta® + 3uz®y + 3vzy® + wy?.

According to (10) we write the equation
ex + fy + ta® + 3uz?y + 3vay® + wy® = 0. (29)
By (6)—(7) we have for system (28) that I; = f < 0. Then from the last relation
we express y and obtain

e t 4 U o Vo9 W 5
Yy=——2— —x° — 35x°Yy — 351y° — —y°. 30
TR R S (30
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We seek y as a holomorphic function of x. Then we can write

y= —?:v + Bya® + Bsa® + Bya* + Bsa® + Bga® + Bra® + Bsa® + Boa® +--- (31)

Substituting (31) into (30) and identifying the coefficients of the same powers of
2 in the obtained relation we have

t el e2v e3w
BQnZO, VTLEN, Bgz—f—|—3ﬁ—3ﬁ+?,
e2w
Bs __3<?_2f2 5 )Bg,

9 (32)

Br= 3[(]0 f2)B3 3(;_2?} ef;U)]B?”

2

[f ; fz)B3B5+3<f ;Z+ef;”>37]

Substituting (31) into the right-hand side of the critical differential equation (28)
we obtain

By = B3+6(

px3 + 3qx?y + 3ray® + sy’ =
= Ao + Asa® + Az’ + As2® + Aga® + Aza” + Asa® + Aga® + Ajoz'® + Appat!
From this, taking into account (31) and (32) we have

2 3

AgnZO,VnGN,Agzp—fi%-l-?)cif—;—cif—;,
A =8(a =27 + 53 By, e = [(T_T)Bﬁ( f}: + ) B, -
Agsz§>+6(r——)BgB5+3( >B7,

A11:3[3B§B5+2(r—$)B3B7+(r— <) B2 ( < 6;2,8)39}

We introduce the following notations:

T = f3p—3eflq+ 362 fr —e3s, U= —f3+3ef’u— 3¢’ fv+ eSw,

34
V = f2q—2efr+e?s, W =fr—es. (34)
Then, from (32) and (33), we get
1 3 1 5 1
As =T, By = 4U As = 5V B3, A7 =3(;WB3+ 5VBs),
Ag = SBg + ?WBng) + %VB7, R

Using Theorem 3, the expressions (34) and (35) (I3 = f < 0), we come to the
following statement.
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Lemma 6. The stability of unperturbed motion in the system of perturbed motion
(28) is described by one of the following ten possible cases:

1. T <0, then the unperturbed motion is unstable;

II. T >0, then the unperturbed motion is stable;

1. T =0, UV >0, then the unperturbed motion is unstable;

1V. T =0, UV <0, then the unperturbed motion s stable;

V. T=V =0, U+#0, W <O, then the unperturbed motion is unstable;

VIL. T=V =0, U#0, W >0, then the unperturbed motion is stable;

VII.. T=V =W =0, sU >0, then the unperturbed motion is unstable;

VIII. T=V =W =0, sU <0, then the unperturbed motion is stable;

I1X. T =U =0, then the unperturbed motion is stable;

X. p=q=r=s5=0, then the unperturbed motion is stable.

In the last two cases, the unperturbed motion belongs to some continuous series
of stabilized motions, moreover, in Cases II, IV, VI and VIII this motion is also
asymptotically stable [10]. The expressions T, U, V,W are given in (34).

Proof. Assume As > 0, then from (35) we get - > 0. Taking into account that
f <0, it follows T' < 0. By Theorem 3 we have proved the Case I. Similarly the
Case 11 is analyzed.

Suppose in (34) that U # 0. Then from (35) we have B3 # 0.

If A3 =0, i.e. T =0, then by (35) the stability or the instability of unperturbed
motion is determined by the sign of expression UV. Then using Theorem 3 we
proved the Cases III and IV.

IfT = A5 =0, i.e. V = 0, then by (35) the stability or the instability of
unperturbed motion is determined according to the sign of expression U—;g Taking
into account that f < 0, by Theorem 3 we get the Cases V and VI.

If A3 = A5 = A; =0 (T =V =W = 0), then the stability or the instability of
unperturbed motion is determined by the sign of expression Ag, i.e. <%. From this,
according to Theorem 3, we obtain the Cases VII and VIII. If T'= U = 0, then all
Ay (k > 3) are equal to zero. By Theorem 3 we have the Case IX. If U # 0 and
T =V =W =5 =0, then from (34) we obtain the Case X. Lemma 6 is proved. [

Proceeding from the polynomial bases of center-affine comitants and invariants
of the system (27) given in [11], we can write the Sibirsky algebras with generators

Sl,3 = {J17J27' . '>J207K17K27 v aK137Q17Q27 .. '7Q14}7 SIl,3 = {J17J27' . 'a‘]20}7

where J;, K; and @}, are invariants and comitants of these algebras.
For the system (27) we have the notations

1_ 1_ 1_ 1 1 1 1
T =x, a =c¢, ay=d, ajy; =P, @112 =, Q99 =T, A99 = 5,

2 2 2

T =Y, ay =¢, ay = [, Q111 =1, Q112 = U, Q129 = VU, G999 = W.
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Further we will need the following generators of Sibirsky algebras S1 3 and ST 3,
which in tensorial form are written
Ji=h=al, Jh=1I= agag, Js = aﬁafaﬁ&?’rk, Jg = aﬁafalaﬁ&?’rk,

K, = a%‘xﬁzﬁsm, Ky, = agﬁya:ﬁ:n“/, Ks = agmzno‘xﬁzn“/:nksﬂk,
a..fB

k 5 a, B
Q1 = aqag, sz r 2 2%, Qo = 30005

1 (37)

_ a, B o) _ a By 5,..m
Q3 = aja, 5572, Q4—aﬁ/a(5aaﬁnm ",

By means of these generators, we compose the following invariant expressions:

Fy = Ki(Js — J1J3) + Ji[J2 Ko — J1(Qo 4+ Q3) + Qu), Fo = Js — Ji.J3,
By = K [3Ky — Ji(J1 Ky +2Qa — Q3) + Q4] + JE(J1 K3 + Q1), (38)
Fy=J1Ky —Q2, F5=0Q.

Lemma 7. Suppose that the first relation from (7) is satisfied. Then the system
(27) by a center-affine transformation can be brought to the form

d d
d—f =0, d—z:em+fy—|—t:n3—|—3u:1:2y+3v:17y2+wy3

if and only if F5 =0, where F5 is from (38).

The proof is similar to Lemma 6. We make use of F5 which for system (27) has
the form

F5 = A13($1)4 + (Agg + 3A14)(x1)3a:2 + 3(A15 + A24)(x1)2(x2)2+
+(A16 + 3A05)2! (22)3 + Agg(2?)?,

where A;; are the minors of matrix of the coefficients from the right-hand sides of
system (27) built on columns 7 and j of this matrix.

Theorem 5. Let for differential system of the perturbed motion

ddit] =alx® + aima:axﬁaﬂ (Jya, B,y =1,2)
the invariant conditions J? — Jy = 0, J1 < 0 be satisfied. Then the stability of the
unperturbed motion is described by one of the following ten possible cases:
1. F1 <0, then the unperturbed motion is unstable;
1I. Fy > 0, then the unperturbed motion is stable;
III. Fy =0, FyF3 > 0, then the unperturbed motion is unstable;
1V. F1 =0, FyF3 <0, then the unperturbed motion is stable;
V.Fi =0, F, =0, F3 #£0, F,; <0, then the unperturbed motion is unstable;
VI F1 =0, F5b =0, F3#0, Fy > 0, then the unperturbed motion is stable;
VII. 1 =0, I, =0, Fy =0, F3F5 > 0, then the unperturbed motion is unstable;
VIII. F1 =0, F5, =0, Fy =0, F3F5 <0, then the unperturbed motion is stable;
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I1X. F3 =0, then the unperturbed motion is stable;

X. F5 =0, then the unperturbed motion is stable.

In the last two cases the unperturbed motion belongs to some continuous series
of stabilized motions, and moreover, it is also asymptotically stable in Cases II, IV,
VI, VIII. The expressions F; (i = 1,5) are given in (38).

Proof. Observe that the first three expressions from (38), for critical system (28)
with notations (36), look as follows:

Fy=T2?, F,=V, F3=Uz"+Ta%y. (39)

Suppose that F; =0, F5, = 0. Then by means of the polynomials T, V, W from
(34), we get for expression Fy from (38) that Fy = W(%:E—I—y)? Using the expressions
(39), the last assertion together with Lemmas 6 and 7, we obtain the Cases I-X. We
note that the comitants Fy, FoF3, Fy, F3F5 from (38), used in the Cases I-VIII of
Theorem 5, are even-degree comitants with respect to  and y and have the weights
[2] equal to 0,0,0,—2, respectively. Moreover, each one of these comitants (in the
case when it is applied) is a binary form with a well defined sing. This ensures that
any center-affine transformation cannot change their sign. Theorem 5 is proved. [J

5 Critical system of Lyapunov type with nonlinearities of
degree four

We consider the differential system of perturbed motion with polynomial non-
linearities
d—:E = cx + dy + gzt + 4haPy + 6kx?y? + dlzy® + my?,
o (40)

i ex + fy+ nat + 4prdy + 6gxy? + dray® + sy?,

where ¢, d, e, f,g,h,k,l,m,n,p,q,r, s are real arbitrary coefficients.

Similar to the previous cases, when the characteristic equation of (40) has one
zero root and the other one is negative, i.e. the conditions (7) are satisfied, then
this system by a center-affine transformation can be brought to its critical form

d_x = ga' + 4hay + 6kx?y? + dlxy® + my?,
" ¢ (41)

prie ex + fy+ nat + 4prdy + 6¢gxy? + dray® + sy’

According to Theorem 3, we analyze the equation
ex + fy+ nat + dpady + 6qx?y? + 4ray® + syt = 0. (42)

As for system (40) we have I = f < 0, then from (42) we express y:

Y= oDt 4£x3y — 62332342 —4

f f f

r

f

zy® — ?zf‘- (43)
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We seek y as a holomorphic function of x. Then we can write

Yy = —?m + Box® + Bsa® + Bya* + Bsa® 4+ Bga® + Bra” + Bga® + By + (44)
44
+Blox10 + Bllxll + Blgxl2 + Blgxlg + Bl4a:14 + Bl5$15 + BlG$16 + -

Substituting (44) into (43) and equating the coefficients of monomials in x, we
find that
Bi=0(i=2356,80911,12,14,15,...), By=—(} 45 L 63T+e43>
T = = 4,9,9,0,0,J, 11, L4, 1%, 19,... ), 4= = o) r3 75 |
A S A

2 3

Br = —4(F ~ 35 +375 — 1) B
B 2§ -2+ )t ot oo - )]
Blg_—4[(f f2)34+3<f ;Z e;j)B4B7+
+(?—3P+3e;7" ij)Blo}
3162—[fB4+12(f f2>B4B7+6<f ;’; e;§><2B4Blo+B7)
(5 o 05 - )]

(45)
Substituting (44) into the right-hand side of the critical differential equation,
then from (41) we get

gzt + 4hady + 6ka?y? + dlaxy® + myt = Aga® + Asa® + - 4 AgrtC 4+ -

Hence, taking into account (44) and (45) we have

A =0(i=2356,89,11,12,14,15,...), A4:g—4%+6e;—f—4;—?+i—zn,
A7:4(h—3%+3?l e;;’”‘)34,
A10:2[3(k—2e7l ;2>B4+2<h 3?+3f2l i—?)Bﬁ,

s =[(1- T8k -2+ BB
2 3
(h 3%—1—31.[ efgl>B1o}

Ay = mBj + 12 (l - %)Bil% + 6<1€ - 267l + ejgz) (234310 + B7> )

ek el e3m
+4(h 37+3f ?)Blg,...
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Let us introduce the following notation:

A= flg—def3h +6e2f2k — 4e3 fl + e*m,
B=—fin+def3p—6e2f2qg+ 4¢3 fr — ets (47)
C = f3h —3ef*k +3e2fl —e3m, D= f%k —2efl+em E = fl—em.

Then taking into account (47), we obtain from (45)—(46) that

4 2
Ay = f4A By= Lp Az = 5 BC, Ay =2 (leB D+f3CB7)
3
3
Arg ( BB+ 5 DBiBr + o CBlo> (48)
6
Aig = mBj + 7EB437 + FD(2B4B10 + B?) + FC’BB, .

Lemma 8. The stability of unperturbed motion in the system of perturbed motion
(41) is described by mine possible cases, if for expressions (47) (I = f < 0) the
following conditions are satisfied:

I A0, then the unperturbed motion is unstable;

II. A=0, BC >0, then the unperturbed motion is unstable;

1II. A=0, BC <0, then the unperturbed motion is stable;

1V. A=C =0, BD #0, then the unperturbed motion is unstable;

V. A=C=D=0, BE >0, then the unperturbed motion is unstable;

VIL. A=C=D =0, BE <0, then the unperturbed motion is stable;

VIL. A=C=D=FE=0, mB#0, then the unperturbed motion is unstable;

VIII. A= B =0, then the unperturbed motion is stable;

IX. g=h=k=101=m =0, then the unperturbed motion is stable.

In the last two cases, the unperturbed motion belongs to some continuous series
of stabilized motions. Moreover, this motion is also asymptotically stable [10] in
Cases III and VI. The expressions A, B,C, D, E are given in (47).

Proof. If A4 # 0, then from (48) we have A # 0. By Theorem 3, we get the Case L.

Suppose in (47) that B # 0. Then (48) implies that By # 0. If Ay = 0, i.e.
A =0, then according to (48) the stability or the instability of unperturbed motion
is determined by the sign of the expression A7 (the sign of the product BC'). Using
Theorem 3 we obtain the Cases IT and III.

When A = A7 =0, i.e. C =0, then from (48) we have Ajy =
then we obtain the Case IV (see Theorem 3).

Suppose A = C = D = 0. Then from (48) it results that A3 # 0, when BE # 0.
So the stability or the instability of the unperturbed motion is determined by the
sign of expression BE. Using Theorem 3 we get the Cases V and VI.

When Ay = A7 = A1 =A13=0 (B #0), then wehave A=C =D =FE=0. If
A1 # 0, then from (48) we obtain the Case VII. If A = B =0, then all Ay (k > 4)
vanish. By Theorem 3 we get the Case VIII. f A=C =D =F =0and m =0,
then (47) with f < 0 implies the Case IX. Lemma 8 is proved. O

f12B2D If D #0,
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Let ¢ and 9 be homogeneous comitants of degree p; and py respectively of the
phase variables x and y of a two-dimensional polynomial differential system. Then
by [3] the transvectant

. N . : :
G) _ (=02 =)~ yi [ e o 4

is also a comitant for this system.

In the Tu. Calin’s works, see for example [12], it is shown that by means of the
transvectant (49) all generators of the Sibirsky algebras of comitants and invariants
for any system of type (1) can be constructed.

We denote the homogeneities from the right-hand sides of system (40) as follows:

Py(z,y) = cx + dy, Py(z,y) = gz* + 4hay + 6kx?y? + dlzy® + my?, (50)
Qi(z,y) = ex + fy, Qu(x,y) =na' +4pz’y + 6¢z’y* + dray® + sy’

According to [13], we write the following comitants of the system (40)

<8PZ-(:1:, Y) N 0Qi(r,y)
ox dy

1

), (i=1,4). (51)

Later on, we will need the following comitants and invariants from [13] of system
(40) built by operations (49) and (51):
=5, I=(R,R)®, K1 =Ry, Ky=51, Qi=R1, Q2=5,
Qs = (R4, R1)®, Qi = (R, R, Q5= (51,50, Q6= (54, R)Y,
Qo = [R1, R1)®, R1)®, Qo = [Ry, R1)?, R1)W,
Q21 = [S1, R1)®, R)Y, Qus = [Ry, R1)?, R1)®, Ry)W,

(52)

where the sign “[” denotes all the parentheses of the transvectant that have to be

written in the left.
We consider for system (40) the following expressions composed of comitants
and invariants from (52) that can be written in the form:

Hy = Q1[Q2(15Q19 — 8Q21) — 10Qu3 + 1217Qs5] + Q3[Q2(4K2Q2 + 5Q3 — 8Qs) — 10Q20],
Hy = 5Q3(K1Q2 — 2Q4) + 2Q7(5Q19 + 4Q21 — 6Q2Q5) — 4Q1Q2[Q2(K2Q2 — 5Q3 — 2Q¢)+
+5Q20], Hz = Q2(5Q19 — 6Q21 +3Q2Q5) — 10Qu3, Hy = 511Q5 +10Q19 — 2Qo1,

Hs = Q1, He =501 K>+ 10Q3 — 6Q¢, H7 =8K2Q1 —5K1Q2 — 10Q4. 3
53

Lemma 9. Suppose that the first equality holds in (7). Then by a center-affine
transformation the system (40) can be brought to the form

de o dy
dt 7 dt

if and only if the condition Hy = 0 is satisfied, where Hy is from (53).

=ex+ fy—+ nxt + 4p:173y + 6q:n2y2 + 47‘xy3 + 8y4
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The proof of this Lemma is similar to Lemma 6. Here, the fact is used that H~
from (53), for the system (40), is of the form

H; = 10[A13(l‘1)5 + (A23 + 4A14)($1)4l‘2 + 2(2A24 + 3A15)(l‘1)3(l‘2)2+
+2(2A16 + 3A25)($1)2($2)3 + (A7 + 4A26)a:1(x2)4 + A27(a;2)5],

where A;; are the minors of the matrix of coefficients from the right-hand sides of
system (40), built on the columns i and j of this matrix.

Theorem 6. Let for system of perturbed motion (40) the invariant conditions (7)
be satisfied. Then the stability of the unperturbed motion is described by one of the
following nine possible cases:

1. Hy #£0, then the unperturbed motion is unstable;

I1I. Hi =0, HoH3 > 0, then the unperturbed motion is unstable;

III. H =0, HyH3 < 0, then the unperturbed motion is stable;

1V. Hi = H3 =0, HoHy # 0, then the unperturbed motion is unstable;

V. HH=H3= Hy =0, HyHsHg > 0, then the unperturbed motion is unstable;

VI. HH=Hs=H, =0, HyH5Hg < 0, then the unperturbed motion is stable;

VII. HH = Hys = Hy = Hg =0, HyH7 # 0, then the unperturbed motion is unstable;
VIII. Hy =0, then the unperturbed motion is stable;

IX. H7 =0, then the unperturbed motion is stable.

In the last two cases, the unperturbed motion belongs to some continuous se-
ries of stabilized motions, and moreover in Cases III, and VI this motion is also
asymptotically stable [2]. The expressions H; (i = 1,7) are given in (53).

Proof. The first three expressions from (53), for the critical system (41), give
Hy = 10423, Hy = 10B2® + 10A2*y, Hs = 10Cz. (54)

Next the proof is based on Lemma 8. The Case I is obvious if we use (54). Put
Hy =0, then by Lemma 8, from (54) we obtain the Cases II and III.

The product HoHj is of even degree with respect to z and has the weight equal
to 0 [2]. Therefore, the expression HyHz under any center-affine transformation does
not change its sign. Using (54), the Case IV of Lemma 8 implies the Case IV of
Theorem 6 and we have (f = I; < 0)

5 e
Hy =10Bz°, Hy = 1OD(?$ + y) (55)

For the Cases V and VI of the Theorem, Lemma 8 yields A = C = D = 0. Then
from (54) and (55), we obtain the invariant equations for the examined cases. By
means of these equations and the expressions from (53), we obtain

e

Hy = 10Bz®, Hs— —fa;<f

-+ y), Hg = 1OE<; + y>3. (56)
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From this, we get HyHsHg = —100fBE:176(?:17 +1)*. This product is of even degree
with respect to x and y and have the weight —2 and has a well defined sign. Hence,
we have the Cases V-VI.

The Case VII of Theorem 6 is obtained by using the Case VII of Lemma 8 and
the expressions (54)—(56). Indeed, for this case we have

©
f

By means of H7 and Hy from (54), we get the Case VII with inequality HoHy.

The Case VIII of the Theorem results from (54) using the Case VIII of Lemma
8 and expressions (47)—(48). The Case IX results from the Case IX of Lemma 8 and
the assertion of Lemma 9. Theorem 6 is proved. O

Hy = —10fm( x+y)4.
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